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ABSTRACT

Existing design procedures for determining the separation distance between adjacent buildings subjected
to seismic pounding risk are based on approximations of the buildings’ peak relative displacement.
These procedures are characterized by unknown safety levels and thus are not suitable for use within a
performance-based earthquake engineering framework.

This paper introduces an innovative reliability-based methodology for the design of the separation distance
between adjacent buildings. The proposed methodology, which is naturally integrated into modern
performance-based design procedures, provides the value of the separation distance corresponding to a target
probability of pounding during the design life of the buildings. It recasts the inverse reliability problem of
the determination of the design separation distance as a zero-finding problem and involves the use of analytical
techniques in order to evaluate the statistics of the dynamic response of the buildings. Both uncertainty in the
seismic intensity and record-to-record variability are taken into account.

The proposed methodology is applied to several different buildings modeled as linear elastic single-
degree-of-freedom (SDOF) and multi-degree-of-freedom (MDOF) systems, as well as SDOF nonlinear
hysteretic systems. The design separation distances obtained are compared with the corresponding estimates
that are based on several response combination rules suggested in the seismic design codes and in the liter-
ature. In contrast to current seismic code design procedures, the newly proposed methodology provides
consistent safety levels for different building properties and different seismic hazard conditions. Copyright
© 2012 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Seismic pounding between adjacent buildings is an undesirable phenomenon that can cause severe
damage to the colliding buildings. In order to mitigate the risk of seismic pounding between new
buildings, current seismic design codes [1–4] prescribe a minimum separation distance (often referred
to as critical separation distance (CSD)) between adjacent structures. The value of the CSD is assumed
equal to the peak relative displacement computed at the most likely pounding location and
corresponding to a site-specific seismic intensity. This site-specific seismic intensity is usually defined
using a uniform-hazard response spectrum, whose spectral ordinates are characterized by a target return
period. For example, according to Eurocode 8 [4], the pounding event corresponds to an ultimate limit
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state condition, and the CSD is determined for the earthquake intensity having a return period of
475 years, corresponding to a probability of exceedance of 10% in 50 years.

Given the seismic input, the peak relative displacement is obtained from the values of the peak
displacements of the two adjacent buildings, which can be calculated using various structural analysis
techniques (e.g., spectral analysis, pushover analysis, and time-history analysis). Simplified response
combination rules (e.g., the absolute sum (ABS) rule and the square-root-of-the-sums-of-squares
(SRSS) rule) are then employed to derive the peak relative displacement Urel between buildings A and
B, as a function of their absolute peak displacements Urel,A and Urel,B. These approximate response
combination rules neglect the phase differences between the dynamic responses of the adjacent
structures. In order to overcome this drawback, the use of the double difference combination (DDC)
rule for determining the CSD has been proposed and investigated by several authors for elastic single-
degree-of-freedom (SDOF) systems [5–8] and then extended to elastic multi-degree-of-freedom
(MDOF) systems [5] and to nonlinear systems (see [9] for a state-of-the-art of the available techniques).

Despite the research advances in estimating the CSD, the approach currently employed in the seismic
codes and based on the use of approximate response combination rules presents many limits and
shortcomings. First, unless time-history analysis is employed to estimate the peak displacement
responses of the buildings, the response combination rules can employ only the peak displacements
corresponding to a double-barrier reliability problem [8, 10, 11], whereas the seismic pounding problem
is a single-barrier reliability problem (i.e., seismic pounding happens only when the two adjacent
buildings vibrate toward each other and not when they move away from each other). In addition, the
code approach for the CSD design can be inaccurate for MDOF systems whose response receives a
significant contribution from several vibration modes and/or exhibits large inelastic deformations [9].
An even more serious limitation of the current design approach is that the building separation distances
obtained are characterized by unknown safety levels, which strongly depend on the natural periods of
the adjacent buildings [8–12]. Furthermore, the design of the CSD is performed for a single hazard level
(by employing uniform hazard spectra), neglecting any other information on the seismic hazard of the
building site [13]. Therefore, the current CSD design approach does not permit the designer to quantify
and control directly the structural performance and the reliability of the design [13–16] and does not
provide a sound basis for the development of earthquake risk management strategies [16].

This study proposes a new reliability-based methodology for the definition of the separation distance
between adjacent buildings. This methodology overcomes the aforementioned limitations of the current
CSD design approach by finding the separation distance that corresponds to a target value of the
pounding probability during the building design life for a continuum of hazard levels. It accounts
rigorously for all pertinent sources of uncertainty and properly treats the seismic pounding problem as
a single-barrier reliability problem. Thus, it allows the designer to rationally choose a CSD that
ensures consistent safety levels for different types of structures and to directly control and mitigate the
consequences of damage due to pounding. The proposed design methodology is conceptually similar to
other modern approaches that enforce explicit performance objectives in terms of target reliability and
that are currently being developed in several areas of seismic and structural engineering [17–19].

The design of the CSD between adjacent buildings corresponding to a target value of the probability of
pounding during the building design life is a typical inverse reliability problem [19, 20]. The
corresponding direct reliability problem (i.e., the estimation of the pounding probability for a given
value of the separation distance) has been recently studied in Tubaldi et al. [10, 11], where a
probabilistic assessment methodology has been proposed within the context of modern
performance-based earthquake engineering frameworks, such as the Pacific Earthquake Engineering
Research Center framework [21, 22].

In this study, the design of the CSD is performed by recasting the inverse reliability problem described
above as a zero-finding problem. Different solution algorithms are proposed and compared in terms of
accuracy and computational cost. The capabilities of the proposed methodology are illustrated by
considering the design of the separation distance between buildings modeled as linear elastic
systems subjected to Gaussian excitations. This specialization takes advantage of existing efficient
analytical [23–25] and/or stochastic simulation techniques [26] for estimating the reliability of
seismically excited linear buildings with classical and nonclassical damping. It is also important
because it allows to (i) provide a comparison with, and highlight the limitations of, current CSD
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design methodologies, (ii) perform useful and extensive parametric analyses to understand the effects
of different variables on the probability of pounding and the CSD, and (iii) develop efficient
algorithms for the solution of the CSD design problem based on linear structural models that are
often employed by practicing engineers. The extension of the proposed design methodology to
nonlinear systems is also briefly illustrated. Because of space constraints and for the sake of clarity,
only the seismic input uncertainty is explicitly taken into account, whereas the uncertainty affecting
the parameters describing the structural models, albeit important [11], is not considered here. It is
noted that the effects of model parameter uncertainty can be easily included in the proposed design
methodology at the expense of an increased computational effort.

2. PERFORMANCE-BASED DETERMINATION OF THE CRITICAL
SEPARATION DISTANCE

In this section of the paper, both the direct and inverse reliability problems (i.e., the seismic pounding
probability assessment for given building properties and separation distance, and the design of the CSD
distance for a given target pounding probability, respectively) are formalized mathematically. A brief
review of the solution for the direct reliability problem is provided. Finally, several algorithms for the
solution of the inverse reliability problem are proposed and illustrated.

2.1. Direct reliability problem: seismic pounding risk assessment

The direct reliability problem [11] consists of computing the probability, Pp(x,tL), that the relative
displacement between adjacent buildings, Urel, out-crosses their separation distance, x, at least once
over their design life, tL. Assuming that the occurrence of a pounding event can be described by a
Poisson process and that the buildings are immediately restored to their original condition after
pounding occurrence, the value of Pp(x,tL) can be computed as [11, 27]

Pp x; tLð Þ ¼ 1� e�np xð Þ�tL (1)

in which vp(x) is the mean annual frequency of pounding, which is computed as

vp xð Þ ¼
Z
im

Pp IM xð Þ� dvIM imð Þj jj (2)

where Pp|IM(x) is the probability of pounding conditional to the seismic intensity IM = im and vIM(im) is
the mean annual frequency of exceedance of a specific value im of the seismic intensity IM. In [11], the
site peak ground acceleration (PGA) is employed as IM.

The conditional failure probability Pp|IM(x) is the solution of the following single-barrier first-passage
reliability problem:

PpjIM xð Þ ¼ P max
0⩽t⩽tmax

Urel tð Þ½ �⩾xjIM ¼ im

� �
(3)

in which t denotes time, tmax is the duration of the seismic excitation,Urel(t) =UA(t)�UB(t),UA(t) andUB(t)
are the displacement responses of buildings A and B at the most likely pounding location (usually
identified as the roof level of the lower building, see Figure 1).

Tubaldi et al. [11] have proposed a methodology for assessing the seismic pounding risk between
linear elastic models of adjacent buildings with deterministic and/or uncertain properties, which are
subjected to Gaussian excitations. This methodology employs an efficient combination of simulation
and analytical techniques and is based on existing exact closed-form solutions for the statistics of
the buildings’ displacement response processes [23, 24]. Several analytical approximations available
in the literature (i.e., the Poisson’s (P), the classical Vanmarcke’s (cVM), and the modified
Vanmarcke’s (mVM) approximation) have been compared in terms of their accuracy in estimating
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the conditional pounding probability Pp|IM(x). The efficient importance sampling using elementary
events (ISEE) method [26] has been employed to obtain a reference solution and to check the
accuracy of these analytical techniques. Consistently with other recent studies [25, 28, 29], it has
been found that the cVM and mVM approximations are, in general, more accurate than the P
approximation. In addition, these three analytical approximations are more accurate when the
natural periods TA and TB of the two adjacent structural systems are well separated than when
these natural periods have similar values.

If the buildings are expected to exhibit significant inelastic deformations before pounding, the
methodology presented in [11] can still be used. However, the nonlinear structural behavior must be
taken into account by using appropriate analytical (e.g., stochastic linearization [30]) or simulation
techniques (e.g., crude Monte Carlo simulation [9, 27] and subset simulation [31]) for evaluating Urel(t)
in Equation (3). Thus, the computational cost of evaluating Equation (1) can significantly increase with
the complexity of the nonlinear structural model considered.

2.2. Inverse reliability problem: determination of the critical separation distance

The inverse reliability problem corresponding to the determination of the CSD can be expressed
as follows:

Find x� such that Pp x�; tLð Þ ¼ �Pp (4)

where x* is the separation distance corresponding to the target failure probability �Pp.
No analytical solution is currently available for the problem defined by Equation (4). A naive procedure

for finding an approximate solution consists in solving the direct reliability problem given in Equation (1)
for several discrete values of the separation distance x. The design separation distance is approximated by
the value of x for which the pounding probability is closest to the target value. The range for the values of
x could be decided on the basis of experience or on approximate estimates of the minimum separation
distance suggested in current seismic codes. This heuristic approach is computationally expensive,
potentially inaccurate, and difficult to generalize and/or automate.

The methodology proposed in this paper overcomes the drawbacks of the heuristic approach by
recasting the inverse reliability problem of Equation (4) as the following zero-finding problem:

x� ¼ Zero f xð Þ½ � (5)

where the functional expression Zero[. . .] denotes the zero of the function in the parentheses and
function f(x) is defined as

f xð Þ ¼ Pp x; tLð Þ � �Pp (6)

Function f(x) is monotonically decreasing for increasing x, because the pounding probability
decreases as the separation distance increases. Thus, f(x) has a unique zero that coincides with the

Building B

Building A
ξ

Au Bu

Figure 1. Geometric description of the pounding problem between adjacent buildings.
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desired solution x* of the inverse reliability problem defined in Equation (4). This zero-finding
problem can be solved using classical iterative optimization algorithms [32] such as the bisection
method or gradient-based algorithms, which are usually more efficient. In this study, three different
algorithms based on the safeguarded Newton’s method [32] are proposed for estimating the CSD x*
(i.e., for solving Equation (5)). The safeguarded Newton’s method is a hybrid zero-finding method
that uses a Newton’s (or quasi-Newton’s) iteration while maintaining an interval containing the root
of the function as in the bisection method. If the Newton’s iteration falls outside this interval, the
method switches to bisection for that iteration and then continues with Newton’s method for the
next iteration. The safeguarded Newton’s algorithm is employed for its fast convergence rate and
robustness. The three proposed solution algorithms differ in the strategy adopted to estimate Pp|IM(x)
and its gradient at each iteration of the safeguarded Newton’s method, and are characterized by a
different level of accuracy and computational cost.

2.3. Proposed solution algorithms

The first solution algorithm (referred to as analytical (AN) algorithm) is purely analytical and uses
analytical approximate solutions of Pp|IM(x) (i.e., P, cVM, or mVM approximations) to estimate f (x)
and its first derivative f 0(x) = d f (x)/d x. The latter quantity is computed by forward finite difference
numerical differentiation, using analytical estimates of f (x) and f (x +Δx), where Δx denotes a small
but finite increment of x. The starting point for the AN algorithm can be chosen, for example, as the
CSD provided by the DDC rule for the value of the IM corresponding to the target return period. It
is noteworthy that the performance of the AN algorithm is only slightly affected by the algorithm’s
starting point for any reasonable initial estimate of the CSD. The estimate of x* obtained using the
AN algorithm is denoted as x�AN.

The second solution algorithm (referred to as simulation (SIM) algorithm) employs a random
simulation technique to estimate both f (x) and f 0(x). The latter quantity is computed by forward
finite difference numerical differentiation, using random simulation estimates of f (x) and f (x+Δx).
The starting point of the SIM algorithm is taken as the solution of the AN algorithm, x�AN . The
estimate of x* obtained using the SIM algorithm is denoted as x�SIM.

The third solution algorithm proposed in this study (referred to as hybrid (HYB) algorithm)
combines analytical and simulation techniques to improve the accuracy of the AN algorithm in
estimating x*. The HYB algorithm employs a random simulation technique to evaluate f (x) and an
analytical approximation for computing f 0(x) by forward finite difference. In particular, f 0(x) is
computed using analytical estimates of f (x) and f (x+Δx). The starting point of the HYB algorithm
coincides with the solution of the AN algorithm, x�AN. The estimate of x* obtained using the HYB
algorithm is denoted as x�HYB.

All three iterative algorithms presented earlier are terminated when the absolute value of f(x) becomes
smaller than a user-defined level of accuracy df. It is noteworthy that analytical approximations of
Pp|IM(x) result in a continuous smooth function f (x) and an accurate estimate of its first derivative,
which ensures a fast convergence of the iterative zero-finding procedure. On the other hand, the
use of stochastic simulation techniques requires a very accurate estimate of f (x) and f (x+Δx)
(i.e., a very small coefficient of variation for the estimates of Pp|IM(x) and Pp|IM(x +Δx), respectively)
in order to obtain an estimate of the first derivative f 0(x) that is sufficiently accurate to ensure
convergence of the zero-finding algorithm, thus resulting in a high computational cost for each
evaluation of f (x) and f 0(x).

In this study, the three proposed solution algorithms are illustrated and compared using the
assumptions that the seismic loading is represented by Gaussian processes and that the structural
behavior of the buildings is linear elastic before pounding. The latter assumption is widely used for
design purposes and is consistent with the procedures suggested in current seismic design codes for
estimating the CSD between adjacent buildings. Under the aforementioned assumptions, the P,
cVM, and mVM analytical approximations can be computed in closed-form [23–25], whereas the
ISEE method [26] can be employed as an efficient simulation technique to estimate Pp|IM(x). It is
noteworthy that the proposed solution algorithms can also be applied to the cases of nonlinear
structural behavior and non-Gaussian input excitations. In particular, the nonlinear structural
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behavior can be included by using appropriate techniques to compute Pp|IM(x), e.g. stochastic
linearization, crude Monte Carlo, and subset simulation [9, 27, 30, 31]. Since these techniques are
more expensive computationally than analytical solutions and ISEE for linear elastic problems, the
computational cost of the proposed algorithms increases for nonlinear inelastic structural models. In
this study, the application of the proposed methodology to nonlinear hysteretic systems is illustrated
using the SIM algorithm in conjunction with crude Monte Carlo simulation for evaluating f (x) and
f 0(x). The combination of analytical random vibration techniques and efficient stochastic simulation
methods for the computationally efficient solution of the problem defined by Equation (4) in the
case of nonlinear inelastic structural systems is a very important and challenging task. However, it is
out of the scope of this study, which focuses on the development of the performance-based CSD
design framework.

3. APPLICATION EXAMPLES

In this section, the computational cost and accuracy of the proposed algorithms is compared by analyzing
two different sets of adjacent buildings modeled as SDOF systems with close and well-separated periods
of vibration. On the basis of the results obtained from this comparison, the techniques with the best
compromise between accuracy and computational efficiency are selected and employed in an extensive
parametric study that compares, for a wide range of vibration periods of the two SDOF systems and
different seismic hazard conditions, the separation distances computed according to both the procedure
recommended in the design codes and the newly proposed reliability-based technique. Then, the case
of two adjacent buildings modeled as MDOF systems is analyzed in order to illustrate the
capability of the proposed technique to deal with more complex systems. Finally, the proposed
CSD design methodology is applied to adjacent buildings modeled as SDOF nonlinear hysteretic
systems considering a wide range of values of the parameters describing the nonlinearity of the
systems. The CSD values obtained are compared with those corresponding to simplified design
procedures available in the literature.

3.1. Seismic input description and hazard model

In all the application examples considered here, the input ground acceleration is modeled by a
time-modulated Gaussian process. The time-modulating function, I(t), is represented by the
Shinozuka–Sato’s function [33], i.e.,

I tð Þ ¼ c� e�b1�t � e�b2�t� ��H tð Þ (7)

in which b1 = 0.045p s� 1, b2 = 0.050p s� 1, c = 25. 812, and H(t) is a unit step function. A
duration tmax = 30 s is considered for the seismic excitation.

The PSD of the embedded stationary process is described by the widely used Kanai–Tajimi model,
as modified by Clough and Penzien [34], i.e.,

SCP oð Þ ¼ S0�
o4

g þ 4�x2g�o2�o2
g

o2
g � o2

h i2
þ 4�x2g�o2�o2

g

� o4

o2
f � o2

� �2 þ 4�x2f �o2�o2
f

(8)

in which S0 denotes the amplitude of the bedrock excitation spectrum, modeled as a white noise
process; og and xg are the fundamental circular frequency and damping factor of the soil,
respectively; and of and xf are the parameters describing the Clough–Penzien filter. The values of
the parameters employed for all the applications are og = 12.5 rad/s, xg = 0.6, of = 2 rad/s, and
xf = 0.7. The PSD function in Equation (8) is shown in Figure 2(a) for S0 = 1 m2/s3.

The peak ground acceleration, PGA, is assumed here as IM. It is noteworthy that the proposed
methodology is independent of the choice of the IM. In order to derive the fragility curves in terms
of the selected IM, the relationship between the parameter S0 of the Kanai–Tajimi spectrum and the
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PGA at the site is assessed empirically. A set of 5,000 synthetic stationary ground motion records
are generated using the spectral representation method [35] on the basis of the PSD function given
in Equation (8) with S0 ¼ �S0 ¼ 1 m2=s3 . Each ground motion realization is then modulated in
time by using the function defined in Equation (7). The peak ground acceleration corresponding to
S0 ¼ �S0 ¼ 1 m2=s3 , PGA�S0 , is estimated as the mean of the PGAs of the sampled ground motion
time histories. The values of S0 corresponding to different values of PGA are obtained as follows:

S0 ¼ PGA

PGA�S0

� 	2

��S0 (9)

In this study, the site hazard curve is expressed in the approximate form used by Cornell et al. [36],
i.e.,

vIM imð Þ ¼ P IM⩾im 1 yearj � ¼ k0�im�k1
�

(10)

in which k0 and k1 are parameters obtained by fitting a straight line through two known points of the
site hazard curve plotted in logarithmic scale. For the applications presented in this paper, the site
hazard curve is taken from Eurocode 8-Part 2 [4], assuming that for the site of interest, PGA = 0.3g
(where g is gravity constant) corresponds to a probability of being exceeded equal to 10% in
50 years (i.e., a return period of 475 years). Using k1 = 2.857 [37], the site hazard curve becomes
(see Figure 2(b))

nPGA pgað Þ ¼ 6:734�10�5�pga�2:857 (11)

The seismic model used here implies that all earthquakes affecting the considered adjacent structures
are described by the same time-modulating and PSD functions, regardless of their magnitude and
source distance. Although this assumption is not very realistic, it is adopted here only for the sake
of simplicity and clarity and is not a limitation of the proposed framework. In fact, the design
methodology introduced in this paper can employ different and more realistic seismic models, for
example, obtained by (i) disaggregating into appropriate bins the seismic hazard with respect to
source distance, magnitude, and epsilon [38]; (ii) associating to each bin a proper time-modulating
and PSD function; and (iii) accounting for the different probabilities, corresponding to each bin, of
one or more seismic events during the design lifetime of the structures.

3.2. Code procedure for the design of the critical separation distance between adjacent linear systems

The procedure reported in Lopez-Garcia and Soong [8] is adopted in this paper in order to illustrate the
code approach for the determination of the CSD between adjacent buildings. This procedure involves
generating a set of 5,000 artificial ground acceleration time histories consistent with the seismic hazard
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Figure 2. Input ground motion: (a) PSD function of the embedded stationary process and (b) site
hazard curve.
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level considered. In this study, the seismic intensity is represented by the PGA corresponding to a
probability of exceedance of 10% in 50 years. For the sake of simplicity and in order to limit the
computational cost of the analysis, the two adjacent buildings, referred to as buildings A and B,
are modeled here as linear SDOF systems with natural periods equal to the periods of the first
mode of vibration of each of the actual structural systems. Linear time-history analysis is
employed to evaluate the 5,000 samples of the peak absolute displacement responses of buildings
A and B (UA,max and UB,max, respectively), corresponding to the 5,000 artificial ground motions
previously generated. These sample peak absolute displacement responses are then averaged, and
their sample means, ŪA,max and ŪB,max, are combined following the ABS, SRSS, and DDC rules
to derive the corresponding CSDs, which are assumed equal to the peak relative displacement
�Urel;max . The CSDs according to the ABS, SRSS, and DDC rules are denoted as xABS, xSRSS, and
xDDC, respectively, and are computed as

xABS ¼ U
�

A;max þ U
�

B;max

xSRSS ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U
�2

A;max þ U
�2

B;max

q

xDDC ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U
�2

A;max þ U
�2

B;max � 2�r�U�A;max�U�B;max

q (12)

where r is the cross-correlation coefficient, given as [8]

r ¼
8� ffiffiffiffiffiffiffiffiffiffiffi

zA�zB
p � zA þ zB� TATB

� �
� TA

TB

� �1:5

1� TA
TB

� �2
 �2

þ 4�zA�zB� 1� TA
TB

� �2
 �

� TA
TB

� �
þ 4� z2A þ z2B

� �� TA
TB

� �2
(13)

in which TA and TB are the natural vibration periods of buildings A and B, respectively; and zA and
zB are the damping ratios of buildings A and B, respectively.

3.3. Critical separation distance for adjacent buildings modeled as linear SDOF systems: comparison
of the three proposed algorithms

The first application example consists of the evaluation of the CSD between two adjacent buildings
modeled as deterministic linear elastic SDOF systems with periods TA and TB and damping ratios
zA= zB = 5%. The CSD is estimated using the three different algorithms proposed for two different
combinations of the natural periods of the adjacent systems, that is, (i) TA= 1.0 s and TB = 0.5 s,
referred to as well-separated natural periods; and (ii) TA= 1.0 s and TB = 0.9 s, referred to as close
natural periods. On the basis of previous results regarding the relative accuracy of different
analytical approximations [17, 29], the cVM approximation is used in this study to compute the
conditional pounding probability Pp|IM(x) required to estimate f(x) and f 0(x).

Table I reports the values of the design CSD, the number of analytical Nan and numerical Nsim

computations of Pp(x,tL) required for convergence, the computational time, and the risk of pounding
according to ISEE for the three algorithms and the two analysis cases considered. The algorithms stop
when | f(x)|≤ 10� 3. The calculations are performed using MATLAB [39] on a personal computer with
an Intel Core i7 980 3.33 GHz processor (Intel Corp., Santa Clara, CA, USA) and 12.0-GB RAM.

Table I. Comparison of the three newly proposed design algorithms.

TA =1.0 s and TB = 0.5 s TA =1.0 s and TB = 0.9 s

Algorithm
CSD
(m)

time
(s)

Nan, Nsim

(�)
Pp (x,tL)

(�) Algorithm
CSD
(m)

time
(s)

Nan, Nsim

(�)
Pp (x,tL)

(�)

AN 0.119 33 5,0 0.0908 AN 0.092 36 5,0 0.1129
HYB 0.116 982 6,2 0.1002 HYB 0.096 1498 6,2 0.0996
SIM 0.115 1362 5,3 0.1003 SIM 0.096 3621 5,5 0.1000

CSD, critical separation distance; AN, analytical; HYB, hybrid; SIM, simulation.
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It is observed that Pp(x,tL) is very sensitive to small changes in x. The computational cost of the SIM
algorithm is high and significantly larger than the computational cost of the AN and HYB algorithms. The
AN algorithm is very fast and efficient; however, it is not as accurate as the SIM and HYB algorithms.
The HYB algorithm yields accurate estimates of the separation distance at a small fraction of the
computational cost of the SIM algorithm, because the analytical computation of Pp|IM(x) is much faster
than the computation of Pp|IM(x) through the ISEE method. The similar accuracy of the SIM and HYB
algorithms is expected because they both use ISEE for computing Pp|IM(x) and they have the same
termination rule, whereas the different computation of the gradient of Pp|IM(x) affects only the
computational cost of each iteration and the total number of iterations required to converge. It is
noteworthy that, in both cases considered here, only one iteration of the HYB algorithm is needed to
achieve the desired level of accuracy.

3.4. Critical separation distance for adjacent buildings modeled as linear SDOF systems:
parametric analysis

The parametric analysis performed here compares the estimates of the CSD according to the code
procedure (xABS, xSRSS, and xDDC) with the values of the CSD according to the HYB algorithm,
that is, x�HYB , by considering (i) the effects of varying structural properties and (ii) the effects of
varying site hazard. The HYB algorithm is stopped when | f(x)|≤ 5 � 10� 3. The cVM approximation
is used here to compute the conditional pounding probability Pp|IM(x) required to estimate f (x) and
f 0(x). The values xABS, xSRSS, and xDDC are generated by using a set of 5,000 records with a mean
PGA equal to 0.3g.

Figure 3 plots the values of xABS, xSRSS, xDDC, and x
�
HYB for different values of the ratio TB/TA and

of TA, in order to evaluate the effects of varying structural properties on the CSD.
In general, the CSD increases for increasing TA. For a given period TA, the CSD slowly increases

when the ratio TB/TA increases from 0 to approximately 0.8 and rapidly decreases when TB/TA
increases from 0.8 to 1. This behavior derives from the fact that when the ratio TB/TA approaches
one, the two systems tend to vibrate in phase with a similar vibration period. In fact, in the limit
case of TB/TA = 1, no separation distance would be required to avoid pounding because the two
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Figure 3. Critical separation distance (CSD) estimates for different ratio TB/TA: (a) TA = 1.0 s, (b) TA = 2.0 s,
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structures would vibrate exactly in phase. It is observed that the DDC rule provides values of the CSD
close to those that are obtained applying the newly proposed procedure, particularly for large values of
TB/TA. This phenomenon is due to the capability of the DDC rule to account for the phase difference in
the displacement response of the two adjacent structures.

Figure 4 plots the values of the probability of pounding in 50 years corresponding to the separation
distance, according to the code approach and the proposed algorithm, for the same values of the ratio
TB/TA and of TA considered in Figure 3.

It is observed that the pounding probability corresponding to the CSDs obtained using the HYB
algorithm are very close to the target value of 10% for any value of TB/TA and of TA. By contrast,
the code approach provides inconsistent values of the pounding probability, which strongly depend
on the ratio TB/TA and on TA. The separation distance according to the code design approach
provides nonconservative values of the risk for very low values of TB/TA, even when the ABS rule
is employed.

The effects of varying site hazard are studied by considering different values of the parameter k1 in
Equation (10). In fact, the design of the CSD based on the seismic code procedure is performed for a
single hazard level and ignores any other information regarding the seismic hazard of the buildings’
site. Thus, this seismic code procedure gives CSD values that are independent of the shape of the
hazard curve because they depend only on the value of the PGA corresponding to a target
exceedance probability during the considered design life of the structure. This is in contrast with the
proposed methodology, which can account for different shapes of the site hazard function. The
design code procedure and the proposed HYB algorithm are applied to compute the CSD between
adjacent buildings modeled as SDOF systems with TA = 2.0 s and varying ratio TB/TA, using three
different values of k1 and a constant value PGA= 0.30g that is assumed to have a probability of
exceedance of 10% in 50 years. Figure 5(a) shows the CSD according to the seismic code procedure and
HYB algorithm for k1 = 3.333, k1 = 2.857, and k1 = 2.222, whereas Figure 5(b) plots the corresponding
values of the probability of pounding.

In Figure 5(a), it is observed that only the CSD computed using the HYB algorithm varies with the
shape of the hazard curve, whereas the CSDs computed using the ABS, SRSS, and DDC rules are
independent of the hazard curve shape. Figure 5(b) shows that the proposed design method is able
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Figure 4. Probability of pounding in 50 years for different ratio TB/TA: (a) TA=1.0 s, (b) TA=2.0 s, (c) TA=3.0 s,
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to provide CSDs corresponding to consistent values of the pounding probability that are independent of
the properties of the structures and the site hazard. In fact, the HYB algorithm yields values of the
probability of pounding very close to the target value of 10% for all the k1 values considered,
whereas the ABS, SRSS, and DDC rules provide CSDs for which the probability of pounding
depends significantly on the shape of the site hazard curve.

3.5. Critical separation distance for adjacent buildings modeled as MDOF systems

The proposed design methodology is employed here to define the separation distance between two
multistory adjacent buildings (Figure 6), whose properties are taken from Lin [40].

Building A is an eight-story shear-type building with constant inter-story stiffness kA= 628, 801 kN/m
and floor mass mA = 454, 545 kg, whereas building B is a four-story shear-type building with constant
inter-story stiffness kB = 470, 840 kN/m and floor mass mB = 454, 545 kg. A Rayleigh-type damping
matrix cR [41] is used to model the inherent viscous damping in the two systems. The matrix is
built by assigning a damping factor zR = 2% to the first two vibration modes of each system
vibrating alone. The fundamental vibration periods of the two buildings are TA = 0.915 s and
TB = 0.562 s, respectively.

The seismic input model is the same as the one employed in the previous sections of this paper on
SDOF systems. Five hundred ground motion records are employed in the Monte Carlo simulation
required by the seismic design code procedure. The AN and HYB algorithms are employed in
conjunction with the cVM approximation to determine the CSD. The AN algorithm requires 614 s
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Figure 5. Effects of the hazard curve shape (TA = 2.0 s): (a) design CSDs and (b) pounding probability in
50 years. CSD, critical separation distance ; HYB, hybrid; ABS, absolute sum; SRSS, square root of the

sums of squares; DDC, double difference combination.

uA uB

mA

kA

mB

Building A

kB

Building B
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of analysis (of which 601 s are needed to calculate the closed-form spectral characteristics of the two
models and 13 s are used to compute x�AN) to provide a CSD x�AN ¼ 0:166 m. The HYB algorithm
uses x�AN as the starting point and yields x�HYB ¼ 0:162 m in 1641 s (614 s to obtain x�AN and 1027 s
to obtain x�HYB afterward). The 50-year probabilities of pounding corresponding to x�AN and x�HYB
are 9.09% and 9.94%, respectively. Also in this case involving the analysis of linear MDOF
systems, the CSD obtained using the HYB algorithm corresponds to a pounding probability very
close to the target probability value. Table II compares the values of the CSD obtained according to
both the proposed algorithm and the seismic code rules, as well as their corresponding probability of
pounding in 50 years and time of computation. Table II also reports the CSD values obtained using
a simplified design approach suggested by Jeng et al. [5], which employs the seismic code rules in
conjunction with the peak absolute displacements corresponding to the contribution of the first
vibration mode only for each system. The computational cost associated with this simplified design
approach is practically negligible under the assumption (commonly satisfied in practical design
applications) that the peak absolute displacements can be obtained from an available displacement
response spectrum.

It is observed that the use of the ABS rule yields a conservative value of the CSD, whereas the use of
the SRSS and DDC combination rules yields CSDs that are nonconservative and correspond to a risk
of pounding more than 50% higher than the target pounding probability. In this specific case, the
simplified design approach yields values of the CSD that are very close to those obtained by
rigorously following the code procedure, that is, by performing Monte Carlo simulation to compute
the peak absolute displacements of the two MDOF systems. This observation suggests that the
behavior of the two MDOF systems considered is dominated by their corresponding fundamental
modes of vibration. The computational cost of the proposed design procedure is higher (by a factor
larger than 2 for the AN algorithm and a factor approximately equal to 6 for the HYB algorithm)
than the computational cost of the rigorous seismic design procedure. However, both the AN and
HYB algorithms provide CSDs corresponding to pounding probabilities significantly closer to the
target probability than the CSDs obtained from the seismic code procedure using any of the modal
combination rules considered here.

In order to verify if the proposed design methodology can be further simplified and made
computationally more efficient, the CSD is calculated with the HYB algorithm by using only the
two fundamental vibration modes of the systems under study. This procedure is similar to simplified
seismic design approaches that are allowed in some of the existing codes (e.g., in [4]). In this
simplified approach, the CSD is computed on the basis of the relative displacement of the buildings
corresponding to their first modes of vibration only, that is,

Urel tð Þ ¼ gA�VA�ZA tð Þ � gB�VB�ZB tð Þ (14)

where gA and gB are the participation factors of the first modes of buildings A and B, respectively; VA

and VB are the first-mode shape displacements at the pounding location (normalized by the first-mode
displacement at the roof) of buildings A and B, respectively; and ZA(t) and ZB(t) are the time histories

Table II. CSD design results for the MDOF systems.

Method CSD (m) Pp (x,tL) (%) Time (s)

AN 0.166 9.09 614
HYB 0.162 9.94 1614
ABS 0.196 5.67 269
SRSS 0.139 15.47 269
DDC 0.139 15.62 269
ABS (1 mode) 0.198 5.42 —
SRSS (1 mode) 0.145 13.72 —
DDC (1 mode) 0.144 13.72 —

CSD, critical separation distance; AN, analytical; HYB, hybrid; ABS, absolute sum; SRSS, square root of the sums
of squares; DDC, double difference combination.
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of the generalized coordinate corresponding to the roof displacement according to the first mode of
vibration of the two buildings and the specified seismic input.

The two equivalent SDOF systems corresponding to buildings A and B are characterized by
the following properties: Teq,A = 0. 915 s and Teq,B = 0. 562 s (fundamental vibration periods),
meq,A = 3,113,900 kg and meq,B = 1,624,400 kg (equivalent masses), zeq,A = zeq,B = 2% (equivalent
damping ratio), and gA �VA= 0.853 and gB �VB = 1.241. For this reduced-order model, the AN and
HYB design algorithms yield x�AN ¼ 0:166 m and x�HYB ¼ 0:161 m, respectively, which correspond
to a probability of pounding in 50 years equal to 9.15% and 9.96%, respectively. The computational
time is reduced to 37 s for the AN algorithm (of which 24 s is needed to calculate the closed-form
spectral characteristics of the two models and 13 s is used to compute x�AN) and 1,039 s for the HYB
algorithm (of which 37 s is needed to compute x�AN and 1,002 s to obtain x�HYB afterward). This
computational cost reduction is because the spectral characteristics and the probability of pounding
according to the ISEE method are calculated for a 2-DOF system rather than for a 12-DOF system.

3.6. Critical separation distance for adjacent buildings modeled as nonlinear SDOF systems

In this section, the proposed CSD design methodology is applied to SDOF models with nonlinear
hysteretic behavior. The same buildings used in the previous application are considered here. Their
linear behavior is described by the same reduced-order SDOF models described earlier. A bilinear
constitutive model with kinematic hardening describes the relationship between the inelastic
restoring force and the displacement of the equivalent SDOF systems [9]. This constitutive model
for building i (with i=A, B) is defined by the yield force, Fy,i, and the ratio of the post-yield and
initial stiffnesses, bi, which is assumed equal to 0.05 for both models.

A parametric study is performed by introducing the force reduction factor, Ri (i=A, B), which is
defined as

Ri ¼
meq;i�Sa Teq;i; zeq;i

� �
Fy;i

i ¼ A; Bð Þ (15)

where Sa(Teq,i,zeq,i) is the spectral acceleration evaluated at the natural period of the equivalent SDOF, Teq,i,
with equivalent damping ratio, zeq,i, for PGA =0.3g (which is the seismic intensity level corresponding to
a probability of exceedance equal to 10% in 50 years). The force reduction factor is varied from Ri=0 to
Ri= 4, with increments of 0.5 (for a total of nine discrete values of each force reduction factor), in order
to describe a wide range of seismic behavior for the two systems. In particular, Ri=0 corresponds to
perfectly elastic behavior; Ri=1 corresponds to buildings designed to respond elastically up to the
seismic intensity of the design earthquake; and Ri=4 corresponds to buildings designed to respond
inelastically to the design earthquake with ductile behavior. For the 9� 9 = 81 combinations of RA and
RB considered, the CSD corresponding to a target probability of pounding of 10% in 50 years is
obtained using the SIM algorithm in conjunction with crude Monte Carlo simulation. At each iteration
of the SIM algorithm, 500 earthquake ground motion time histories are simulated on the basis of the
earthquake ground motion model used in this study, and the peak relative displacements obtained from
the corresponding 500 nonlinear time-history analyses are employed to estimate f(x) and f 0(x). The
iterative algorithm is terminated when | f(x)|≤ 10� 3. The CSD obtained using the method described
earlier is denoted as x�nl;SIM and is a function of both RA and RB.

For the same combinations of RA and RB, the CSD corresponding to the application of the DDC
rule, as modified by Kasai et al. [6, 9] to account for the nonlinear SDOF system behavior, is also
computed. This modified DDC rule computes the CSD on the basis of Equations (12) and (13) and
utilizes (for i=A, B) an effective natural period, Teff,i, and an effective damping ratio, zeff,i, instead
of the elastic properties, Teq,i and zeq,i, for the two equivalent SDOF systems considered. These
effective quantities, Teff,i and zeff,i, are computed using the empirical formulae presented by Kasai
et al. [6] as applied by Lopez-Garcia [9]. They are functions of the average maximum ductility
demands of each system, which are computed for PGA= 0.3g through time-history simulation for
varying RA and RB [9]. Thus, Teff,i and zeff,i are functions of the corresponding Ri (i=A, B), whereas
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the separation distance between systems A and B is a function of both RA and RB. The CSD obtained
using the modified DDC rule is denoted as x�nl;DDC.

Figure 7(a) shows the level curves, for varying RA and RB, of the ratio betweenx
�
lin ¼ 0:161 m (which is

the design CSD obtained bymodeling the two systems as linear elastic and coincides with the solutionx�HYB
obtained in the previous example) and x�nl;SIM (which is the design CSD obtained by modeling the two
systems as nonlinear hysteretic equivalent SDOF systems). It is observed that the use of the linear
behavior approximation for the two systems provides conservative values of the CSD, with an
overestimation by a factor of almost 2 for RA=RB=4. This phenomenon can be explained by observing
that for increasing values of RA and RB, the two systems experience increasing period elongation and
present higher hysteretic damping. Both effects promote an in-phase motion of the two systems, whereas
higher hysteretic damping also reduces the displacement demand imposed on each system [5, 6, 9].

Figure 7(b) shows the level curves, for varying RA and RB, of the ratio between x
�
nl;DDC and x

�
nl;SIM. It

is observed that the modified DDC rule yields values of the separation distance that are significantly
smaller than the distance x�nl;SIM, which corresponds to a probability of pounding of 10% in 50 years.
For RA =RB = 4, the modified DDC rule underestimates the separation distance corresponding to the
target reliability by a factor of about 40%, resulting in significantly nonconservative and unsafe
results. In fact, the pounding probability in 50 years corresponding to the modified DDC rule results
for RA =RB = 4 is equal to 55.58%, that is, more than 5.5 times higher than the target value.

4. CONCLUSIONS

This study presents a fully probabilistic performance-based methodology for determining the separation
distance between adjacent buildings corresponding to a target level of the seismic pounding probability
associated with the design life of the buildings. This separation distance is the solution of an inverse
reliability problem in which the design input data are the characteristics of the buildings and the
seismic excitation. The proposed methodology recasts the inverse reliability problem into a more
manageable zero-finding problem. The approach developed in this paper allows the designer to control
directly the pounding probability and thus represents a significant advancement when compared with
current design code approaches and existing methods for the computation of the critical separation
distance (CSD) between adjacent buildings, which lead to unknown safety levels. Additional
advantages of the newly proposed methodology are the use of a continuum of hazard levels (instead of
a single level of seismic hazard) and a more accurate representation of the pounding problem as a
single-barrier reliability problem (instead of as a double-barrier reliability problem).

Three alternative iterative algorithms (referred to as AN, SIM, and HYB algorithms) are proposed
for calculating the design separation distance and are specialized to the cases of linear elastic models
subjected to Gaussian base excitations. The proposed specialized algorithms employ a combination
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of analytical and simulation techniques and are characterized by different levels of precision and
efficiency. The three proposed algorithms are compared in terms of accuracy and computational cost
in the design of the separation distance between buildings modeled as linear SDOF systems with
close and well-separated natural periods. It is found that the HYB algorithm provides highly
accurate results (as accurate as the SIM algorithm and much more accurate than the AN algorithm)
at a limited computational cost (i.e., larger than the computational cost of the AN algorithm but
significantly smaller than the computational cost of the SIM algorithm).

The HYB algorithm is then employed in a parametric study assessing the dependence of the
separation distance (and corresponding pounding probability) on the buildings’ properties
(represented by the natural periods of the two buildings) and the site hazard (represented by the
slope of the linearized site hazard curve). By comparing the separation distances obtained using the
proposed methodology with the HYB algorithm and the procedures suggested in modern seismic
design codes based on approximate modal combination rules (i.e., the absolute sum (ABS), square-
root-of-the-sums-of-squares (SRSS), and double difference combination (DDC) rule), the following
observations are made: (i) the proposed design methodology provides design separation distances
that correspond to pounding probabilities very close to the target pounding probability, independent
of the structural properties and the site hazard; (ii) the application of the seismic code procedure
results in separation distances that correspond to inconsistent and potentially nonconservative values
of the probability of pounding; (iii) among the approximate modal combination rules, the DDC rule
provides values of the separation distance that are overall in better agreement with the values
obtained using the design methodology proposed in this paper, which presents a smaller variability
in the corresponding probability of pounding; and (iv) the probability of failure in 50 years is very
sensitive to variations in the separation distance, i.e., small variations in the separation distance can
result in large variations in the probability of pounding.

The proposed probabilistic performance-based methodology is then applied to determine the design
separation distance between buildings modeled as linear MDOF systems. Also in this case, the
separation distance obtained using the proposed design methodology corresponds to a probability of
pounding very close to the target probability. A simplified method to determine the design
separation distance is then proposed on the basis of the use of the first vibration modes of the two
buildings only. This simplified method appears promising because, in the application example
considered here, it provides results that are very close to those obtained using the newly proposed
general methodology, at a significantly lower computational cost.

Finally, the proposed methodology is applied to determine the design separation distance between
two buildings modeled as equivalent SDOF systems with nonlinear hysteretic behavior for a wide
range of nonlinearity levels. With reference to the specific application example considered here, it
is observed that the use of the linear behavior approximation for the two systems provides
conservative values of the CSD, whereas the use of existing simplified methods to approximately
account for the buildings’ nonlinear behavior can yield significantly nonconservative estimates of
the separation distance.

The proposed methodology can be used to enhance current seismic code provisions that aim to
mitigate the pounding risk and to calibrate appropriate safety factors for use with simpler methods
of estimating the CSD between adjacent buildings. It can also be directly used for reliability-based
design of the separation distance between adjacent buildings and is easily incorporated into modern
performance-based engineering frameworks for structural design and assessment, such as the Pacific
Earthquake Engineering Research Center framework.
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