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This paper presents a frame finite element (FE) that is able to accurately estimate the load-carrying
capacity and ductility of reinforced concrete (RC) circular columns confined with externally-bonded
fiber-reinforced polymers (FRP). This frame FE can model collapse mechanisms due to concrete crushing,
reinforcement steel yielding, and FRP rupture. The adopted FE considers distributed plasticity with fiber
discretization of the cross-sections in the context of a force-based formulation, and uses advanced non-
linear material constitutive models for reinforcing steel and unconfined, steel-confined, and FRP-confined
concrete.

The adopted frame FE is validated through a comparison between numerical simulations and experi-
mental results available in the literature of the load-carrying capacity of FRP-confined RC columns
subjected to axial load only, and both axial and lateral load. The adopted FE is suitable for efficient
and accurate modeling and analysis of FRP-confined RC columns, and thus it represents a step toward
enabling analysis of real-world large-scale structures containing FRP-confined RC columns, for which
more accurate three-dimensional models could be computationally prohibitive.

� 2014 Elsevier Ltd. All rights reserved.
1. Introduction

Externally-bonded fiber-reinforced polymer (FRP) composites
have found numerous applications in civil engineering structures
due to their high strength-to-weight and stiffness-to-weight ratios,
corrosion resistance, and high durability [1,2]. One of these appli-
cations is the FRP confinement of reinforced concrete (RC) columns
to improve their structural performance in terms of ultimate load
bearing capacity and ductility [3,4]. The FRP confinement of RC col-
umns presents numerous advantages compared to other rehabili-
tation techniques, e.g., RC section enlargement and confinement
using steel jackets. Some of these advantages include negligible
increase in structural size and weight, easy transportation, and
good resistance to corrosion and other degradation processes due
to harsh environmental conditions [5]. This method has been
widely used to retrofit bridges and buildings in the past two
decades [6–8]. The proper use of this rehabilitation procedure
requires the accurate prediction of the improved performance of
the FRP-confined RC columns based on the specific geometry,
material properties, and amount of FRP utilized. Numerous numer-
ical tools have been developed to model the structural behavior of
FRP-confined RC columns. These tools include (1) stress–strain
models of FRP-confined concrete at the material level, (2) stress
resultant-section deformation relations at the cross-section level,
and (3) finite element (FE) models of structural components at
the structural level.

Extensive studies available in the literature have been
conducted to develop appropriate stress–strain relations for FRP-
confined concrete. These stress–strain models can be classified into
two categories: design-oriented and analysis-oriented models [9].
Design-oriented models [10–14] provide closed-form equations
directly calibrated on experimental results for predicting the com-
pressive strength, ultimate axial strain, and stress–strain behavior
of FRP-confined concrete; whereas analysis-oriented models
[15–18] derive stress–strain curves that are generated using incre-
mental numerical procedures typically used within nonlinear FE
models. A few models for sectional analysis of FRP-confined RC col-
umns have been developed in the last decade. In [19], a fiber-
section model was used to discretize the cross-section into fibers
of unconfined concrete, confined concrete, steel rebars, and confin-
ing FRP. The structural force–deformation relation was derived by
numerical integration of the stress–strain relation of the fibers at
the column base section. In [20], a two-dimensional sectional
analysis of RC columns confined with FRP was presented, in which
the bending moment strength was determined through analytical
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integration of the stresses corresponding to material constitutive
models used for design. The FE method has been widely used as
a powerful tool to effectively model the behavior of FRP-confined
RC columns. A significant number of previous FE studies employed
refined FE meshes of three-dimensional solid elements using com-
mercially available software, such as ANSYS [21], ABAQUS [22,23],
and MARC™ [24], or research software such as DYNA3D [25], and
FEMIX [26]. The computational cost of similar structural response
analyses is usually extremely high, because of the large number
of elements and degrees of freedom involved, and the need to
use three-dimensional constitutive models for all materials consid-
ered in the FE analyses. In [27], appropriate material constitutive
models were implemented in the framework of fiber-discretized
frame elements using a displacement-based formulation. This
computational model employed a variable confinement relation
based on a non-uniform confinement distribution in the compres-
sion zone.

The efficient modeling of the structural behavior of FRP-con-
fined RC columns through the FE method remains an active
research field, due to the difficulties in understanding and predict-
ing the complex interaction between confined and unconfined con-
crete, reinforcing steel, and confining FRP. The validation and
calibration of FE models is made even more complex by the high
cost and difficulties of producing test data from FRP-confined RC
columns. The contribution of this study is the combination and
implementation of existing modeling tools (i.e., force-based formu-
lation for frame elements, fiber discretization of the cross-sections,
and existing advanced material constitutive models for concrete
and reinforcing steel) into a nonlinear frame FE that enables one
to model the mechanical behavior of FRP-confined RC columns in
an accurate and computationally efficient fashion, and that can
be used for a computationally feasible nonlinear FE analysis of
entire real-world structures, e.g., bridges subject to seismic excita-
tion, for which more accurate three-dimensional models could be
computationally prohibitive. To the authors’ knowledge, this study
employs for the first time a force-based frame FE with fiber-dis-
cretized cross-sections to model the structural response of FRP-
confined RC columns. This paper focuses on RC columns with
circular cross-section confined by externally-bonded FRP with
fibers oriented along the hoop direction (i.e., orthogonal to the
axis) of the columns.
Fig. 1. Fiber discretization of a circular cross-section.
2. Finite element modeling

2.1. Finite element formulation

This study adopted a two-node one-dimensional force-based
frame FE [28] with Euler–Bernoulli kinematic assumptions under
small deformations and small displacements (i.e., linear geometry)
to model the structural response of FRP-confined RC columns. A
fiber discretization was employed to evaluate the cross-section
nonlinear behavior [28]. Realistic one-dimensional nonlinear con-
stitutive models were employed to describe the stress–strain
behavior of unconfined, steel-confined, and FRP-confined concrete,
as well as of reinforcing steel. In this study, the element state
determination was based on the non-iterative algorithm [29],
whereas the integrals in the element formulation were evaluated
numerically following a Gauss–Lobatto (G–L) integration scheme
with a user-defined number of integration points (i.e., monitored
cross-sections). It is noteworthy that other element state determi-
nation algorithms (e.g., the iterative algorithm proposed in [28])
and numerical integration schemes (e.g., Gauss–Legendre integra-
tion) can be also used in conjunction with the frame FE element
developed in this study.
The outstanding features of the adopted frame FE include com-
putational efficiency, high accuracy even when a coarse FE mesh is
used, and ease of use. The computational efficiency of this frame
element derives from the use of (1) the force-based formulation,
which for frames imposes equilibrium exactly along the element
axis and reduces the number of elements needed for an appropri-
ate mesh of the FE model when compared to a displacement-based
formulation [28,29]; and (2) the cross-section fiber discretization
that allows the structural analyst to use one-dimensional material
constitutive models only, which are computationally less demand-
ing than their three-dimensional counterparts [28]. The accuracy
of the adopted frame FE derives from the capability of the fiber-
section models to closely represent the nonlinear interaction
between axial forces and bending moments at the cross-section
level, and the high fidelity of the one-dimensional material consti-
tutive models in describing the actual stress–strain relations for
the different materials used in FRP-confined RC columns. The ease
of use of this frame FE is due to the fact that FE models built by
using force-based frame elements are virtually mesh-independent,
in the sense that the same mesh discretization can be used for lin-
ear and nonlinear FE analysis while equilibrium is enforced exactly
along all members [28].
2.2. Material modeling and computation of cross-section stress
resultants

In the adopted FE, the cross-section stress resultants (axial force
and bending moment) are computed using a fiber discretization of
the circular cross-section [19], as shown in Fig. 1. The concrete
fibers are defined through a radial discretization (defined by
parameters Ri = internal radius, Re = external radius, Rc = confined
radius, nr1 = number of steel-confined radial layers, and nr2 =
number of unconfined radial layers) and an angular discretization
(defined by parameters hi = initial angle, he = end angle, and
na = number of angular subdivision) of the cross-section. In addi-
tion, each reinforcing steel rebar corresponds to an additional fiber,
which is described by the parameters Abi

= area of the ith steel
rebar, hbi

= angle for the ith steel rebar, and Rbi
= radius at which

the ith steel rebar is located (with i = 1, 2, . . ., nb, nb = number of
reinforcing steel bars). The nonlinear stress–strain response of each
discretization fiber is described by appropriate one-dimensional
nonlinear material constitutive models.

The constitutive behavior of the steel reinforcement was mod-
eled using the one-dimensional Menegotto-Pinto plasticity model
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[30] as extended in [31] to account for isotropic strain hardening
and in [32] to account for local buckling of steel rebars. This model
is a computationally efficient smooth inelastic model typically
used for structural steel, which showed very good agreement with
experimental results of steel rebars. The constitutive law for the
unconfined concrete material was a uniaxial cyclic law with a
monotonic envelope given by the Popovics-Saenz law [32–35].
The well-known Mander model was employed in this study to
describe the behavior of concrete confined by steel [36]. In order
to investigate the effects of using different material models on
the numerical response of FRP-confined RC columns, two material
constitutive models of FRP-confined concrete were adopted and
conveniently modified, namely the Spoelstra-Monti model [16]
(referred to as SM model hereinafter) and the Shao-Zhu-Mirmiran
model [18] (referred to as SZM model hereinafter). These two
material constitutive models were selected because they have a
well-defined set of rules for cyclic response (see [37] for the SM
model and [18] for the SZM model), which makes them ideal for
implementation within a general-purpose FE program. The SM
model is based on an incremental-iterative scheme that explicitly
accounts through equilibrium for the interaction between concrete
and confining FRP due to the concrete lateral strain. This model can
trace the strain state in the FRP and detect its failure. The SZM
model is a stress–strain relation parameterized with respect to
the mechanical and geometric properties of the FRP confinement.
This parameterized stress–strain curve was obtained through
fitting of extensive experimental tests on FRP-confined concrete
cylinders [12]. Zero strength and stiffness in tension are assumed
here for all concrete constitutive models. It is noted here that the
failure strain of the confining FRP is an input parameter for both
SM and SZM models, which significantly affects the estimates of
the peak strength and of the axial strain at peak strength for the
confined concrete. It is also known that, in general, the hoop rup-
ture stress is smaller than the failure stress measured on flat FRP
coupons [9,38]. Thus, for accurate prediction of the structural
behavior of FRP-retrofitted RC columns, the hoop rupture stress
needs to be estimated, e.g., by using appropriate models for the
FRP efficiency factor [9,38,39] or by directly measuring the hoop
rupture stress/strain [40]. Typical monotonic stress–strain rela-
tionships of these constitutive models are shown in Fig. 2 (in which
f 0co = unconfined compressive concrete strength, Es = steel Young’s
modulus, Ef = FRP Young’s modulus, fyh = yield strength of confin-
ing steel, qs = volumetric steel ratio, and qf = volumetric FRP ratio).

This study focuses on columns with circular cross-section, since
the adopted material constitutive models for the FRP-confined con-
crete were developed for uniform confinement conditions [16,18].
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Fig. 2. Monotonic stress–strain responses of constitutive material models for
unconfined, steel-confined, and FRP-confined concrete.
The adoption of the SM and SZM models is justified by the use of a
fiber-discretization of the cross-sections, which imposes that each
fiber is subjected to only axial strains and stresses that are
assumed constant over the entire fiber and equal to their values
at the fiber center point. Under these assumptions, each fiber is
in a condition of uniform confinement even when the entire
cross-section is under a condition of non-uniform confinement,
e.g., for combined axial and transversal loading conditions. It is
noteworthy that FRP confinement is a contact-critical application
for externally-bonded FRP [38]. Thus, interface debonding does
not affect significantly the mechanical behavior of FRP-confined
RC columns with fibers oriented only in the hoop direction (as
those considered in this study) and is not a significant concern in
their FE modeling.
2.3. Computer implementation

The adopted frame FE for nonlinear FE response analysis of RC
columns confined with externally-bonded FRP was implemented
in FEDEASLab [41], a Matlab-based [42] program suitable for linear
and nonlinear, static and dynamic structural analysis. FEDEASLab
contains several different options for load and time stepping
schemes, as well as for iterative schemes used to solve systems
of nonlinear equations. By taking advantage of the modularity of
FEDEASLab, the existing element, section, and material libraries
were extended (i.e., 6-degrees-of-freedom force-based RC column
element confined with FRP, circular fiber-discretized cross-section
with FRP confinement, SM and SZM constitutive models for FRP-
confined concrete) to enable accurate modeling and response sim-
ulation of FRP-confined RC columns. These FE libraries can be eas-
ily updated and/or extended to reflect the state-of-the-art in
modeling such structures, since each analysis component at
element, section, and material is independent of the other compo-
nents (e.g., the material constitutive models can be modified or
substituted with other material models without the need to modify
the element model and the section model, or the formulation of the
frame FE can be modified without affecting the material constitu-
tive models and the section model). It is also noteworthy that,
since the main goals of this paper are the description and valida-
tion of the extension of the adopted frame FE to analysis of FRP-
confined RC columns, the application examples presented here
are very simple (i.e., monotonically loaded cantilever columns)
and other techniques simpler than FE analysis can be used to ana-
lyze them (e.g., direct integration of the local moment–curvature
relationships). However, as currently implemented in FEDEASLab,
this frame FE can be used for nonlinear static and dynamic FE anal-
yses of real-world structural systems.
3. Correlation between numerical simulation and experimental
results

The adopted FE was validated through a detailed comparison of
experimentally recorded and numerically simulated response
results corresponding to a significant number of FRP-retrofitted
circular columns with a static scheme corresponding to a cantile-
ver structure and subjected to two different quasi-static loading
conditions. The loading conditions considered in this study are
referred to as (1) concentric axial loading, which corresponds to
the application of a monotonically increasing axial deformation,
and (2) eccentric axial loading, which corresponds to the applica-
tion of a monotonically increasing transversal deformation at the
free end of the cantilever under a constant axial load. A careful lit-
erature study was completed in order to collect the experimental
data used here. The publications from which the response experi-
mental data were taken also contained a description of the column
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specimens’ geometry and material properties, which was
sufficiently detailed to build the corresponding FE model. The
description of the selected experimental column specimens, as
well as the references from which the data were taken, is provided
in Table 1 for the columns subjected to concentric axial loading,
and in Table 2 for the columns subjected to eccentric axial loading.
For the concentric axial loading case, this study considered a set of
37 RC columns, of which nine were control specimens (without
FRP retrofit) and 28 were RC columns confined using externally-
bonded FRP. For the eccentric axial loading case, this study consid-
ered a set of 19 RC columns, of which six were control specimens
(without FRP retrofit) and 13 were RC columns confined using
externally-bonded FRP. All FE analyses performed in this study
are quasi-static nonlinear analyses based on an incremental
displacement-controlled technique and the Newton–Raphson
iterative procedure [43].

3.1. Finite element model convergence study

A convergence analysis study was performed to determine an
appropriate FE mesh and cross-section discretization to be used
in the comparison between experimental and numerical results.
This convergence analysis study considered the following ranges
of modeling parameters: (1) nFE = 1, 2, 3 (where nFE = number of
FEs); (2) nGL = 3, 5, 10 (where nGL = number of G–L integration
points); (3) nr1 = 20, 40; and (4) na = 20, 40. The number of uncon-
fined radial layers was kept constant and equal to nr2 = 10. The
Table 1
Experimental test database for RC columns subjected to concentric axial loading.

Ref. ID d (mm) L (mm) f 0co (MPa) nb (–) A

[45] C01-L0-20 356 1524 29.8 6 3
C01-L0-26 356 1524 29.8 6 3

[46] 00-LS320-3 356 1524 29.8 6 3
G01-L0-9 356 1524 29.8 6 3
G01-L0-13 356 1524 29.8 6 3

[47] C1 508 1830 26.2 8 3
C2 508 1830 26.2 8 3
C3 508 1830 26.2 8 3
C4 508 1830 26.2 8 3

[48] K1 400 2000 31.8 10 1
K2 400 2000 34.3 10 1
K3 400 2000 34.3 10 1
K4 400 2000 39.3 10 1
K5 400 2000 39.3 10 1
K8 400 2000 39.1 10 1

[49] A5NP2C 303 1200 29.4 6 2
C4NP0C 303 1200 31.7 6 2
C4NP2C 303 1200 31.7 6 2
C4NP4C 303 1200 31.7 6 2
B4NP2C 303 1200 31.7 6 2
C4MP0C 303 1200 50.8 6 2
C4MP2C 303 1200 50.8 6 2

[50] I.RCC.0L 160 320 25.93 4 1
I.RCC.1L 160 320 25.93 4 1
I.RCC.3L 160 320 25.93 4 1
II.RCC.0L 160 320 49.46 4 1
II.RCC.1L 160 320 49.46 4 1
II.RCC.3L 160 320 49.46 4 1
III.RCC.0L 160 320 61.81 4 1
III.RCC.1L 160 320 61.81 4 1
III.RCC.3L 160 320 61.81 4 1

[51] C10 150 750 38 6 2
C30 250 750 35.2 6 1
C41 250 750 35.2 6 1
C34 250 750 35.2 6 1
C43 250 750 35.2 6 1
C44 250 750 35.2 6 1
computational cost of each FE analysis increases proportionally to
the increasing resolution of the FE mesh and cross-section discret-
ization. Thus, it is useful to find the FE mesh and cross-section dis-
cretization with the smallest resolution for which the FE response
results are converged within a given (user-defined) tolerance.

The results of the convergence analysis are reported here for the
column specimen identified as ST3NT in [44]. The ST3NT specimen
consisted of a column with diameter d = 356 mm and a shear span
length L = 1470 mm, cast integrally with a 510 � 760 � 810 mm
stub. The relevant geometric and material properties for the spec-
imen were taken from [44] and are reported in Table 2. The column
was tested under eccentric axial loading. Fig. 3 provides the
moment–curvature response results computed at the fixed end
section using FE models with different meshes and cross-section
discretizations. The inset of Fig. 3 represents a zoom view of the
moment–curvature curve, which shows that response convergence
is practically achieved for the FE model with one FE, 5 G-L integra-
tion points, 20 radial layers, and 20 angular subdivisions. This con-
vergence analysis was repeated for several specimens with and
without FRP retrofit, subjected to both concentric and eccentric
axial loading. In all cases considered, the FE response was already
practically converged using nFE = 1, nGL = 5, nr1 = 20, and na = 20.
Thus, in the remainder of this paper, for all specimens with
constant cross-section properties along their length, a FE model
with a single FE mesh and five G–L integration points was adopted.
All cross-sections were discretized using 20 steel-confined radial
layers and 20 angular subdivisions.
b (mm2) fy (MPa) FRP type tf(mm) Ef (GPa) fj (MPa)

00 402 CFRP 1 41.2 885
00 402 CFRP 2 41.2 885

00 402 – – – –
00 402 GFRP 1 22.6 535
00 402 GFRP 2 22.6 535

80 450 – – – –
80 450 GFRP 3 19.1 330
80 450 GFRP 3 21.6 383
80 450 CFRP 3 38.1 580

13 620 – – – –
13 620 CFRP 0.585 198 2600
13 620 CFRP 0.94 480 1100
13 620 GFRP 1.8 60 780
13 620 GFRP 0.6 60 780
13 620 HFRP 0.492 120 1100

01 423 CFRP 0.762 78 1050
01 423 – – – –
01 423 CFRP 0.762 78 1050
01 423 CFRP 1.524 78 1050
01 550 CFRP 0.762 78 1050
01 423 - - - -
01 423 CFRP 0.762 78 1050

13 500 – – – –
13 500 CFRP 1 34 450
13 500 CFRP 3 34 450
13 500 – – – –
13 500 CFRP 1 34 450
13 500 CFRP 3 34 450
13 500 – – – –
13 500 CFRP 1 34 450
13 500 CFRP 3 34 450

8 391 CFRP 0.334 226 3339
13 458 – – – –
13 458 CFRP 0.176 241 3937
13 458 CFRP 0.352 241 3937
13 458 CFRP 0.528 241 3937
13 458 CFRP 0.704 241 3937



Table 2
Experimental test database for RC columns subjected to eccentric axial loading.

Ref. ID d (mm) L (mm) f 0co(MPa) nb (–) Ab (mm2) fy (MPa) FRPType tf (mm) Ef (GPa) fj (MPa)

[54] As-built 305 1892 34.5 9 201 358 – – – –
Upgraded 305 1892 34.5 9 201 358 GFRP 4.8 18.6 532

[4] As-built 610 3658 34.45 26 284 303 – – – –
#1 610 3658 34.45 26 284 303 CFRP 5.1 124 1300
#2 610 3658 34.45 26 284 303 CFRP 6.3 124 1300

[44] S-2NT 356 1470 40.1 6 500 450 – – – –
S-3NT 356 1470 39.2 6 500 450 – – – –
S-4NT 356 1470 39.2 6 500 450 – – – –
ST-2NT 356 1470 40.4 6 500 450 GFRP 1.25 20 400
ST-3NT 356 1470 40.4 6 500 450 CFRP 1.00 20 900
ST-4NT 356 1470 44.8 6 500 450 CFRP 0.50 75 900
ST-5NT 356 1470 40.8 6 500 450 GFRP 1.25 20 400

[55] BR-C8 508 2000 38 12 302 400 – – – –
BR-C8-1 508 2000 38 12 302 400 CFRP 3.6 60 700
BR-C8-2 508 2000 38 12 302 400 CFRP 1.8 60 700

[56] RC-1 270 2000 90.1 8 201 500 CFRP 0.66 227 3800
RC-2 270 2000 75.2 8 201 500 CFRP 0.33 227 3800
RC-3 270 2000 49.7 8 201 500 CFRP 0.33 227 3800
RC-4 270 1200 75.3 8 201 500 CFRP 0.33 227 3800
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Fig. 3. Convergence analysis results: moment–curvature response of specimen
ST3NT in [44].

D. Hu, M. Barbato / Engineering Structures 72 (2014) 113–122 117
3.2. Finite element model validation for columns subjected to
concentric axial loading

In this section, the performance of the adopted frame FE was
evaluated through a comparison between the experimentally mea-
sured and the numerically predicted load-carrying capacity and
axial strain (i.e., axial displacement of the load application point
divided by the specimen’s length) at peak strength of the columns
included in the experimental database for concentric axial loading
(see Table 1). The geometric properties of the specimens and
mechanical properties of the materials were taken from the litera-
ture [45–51]. The considered database contains specimens with a
wide range of heights L (from 320 mm to 2000 mm), cross-section
diameters d (from 160 mm to 508 mm), unconfined concrete com-
pressive strength f 2

co0 (from 25.93 MPa to 61.81 MPa), longitudinal
steel reinforcement areas As ¼ nb � Ab (from 452 mm2 to
3040 mm2), and yield strength fy (from 391 MPa to 620 MPa).
The experimental database used in this study considers also a wide
variety of FRP reinforcement configurations, with three materials
(carbon FRP, glass FRP, and hybrid FRP), FRP material jacket thick-
ness tf varying in the range 0.176–3 mm, elastic modulus Ef varying
in the range 19.1–241 GPa, and tensile strength fj varying in the
range 330–3937 MPa.
Table 3 presents the comparison between experimental results
and numerical simulations of the load-carrying capacity and axial
strain at peak strength for the reference RC columns (i.e., for the
RC columns without FRP retrofit) subjected to concentric axial
loading. The accuracy of the numerical model is investigated by
using the ratio of the numerically simulated and experimentally
measured load-carrying capacity, R = PFE/Pexp (where PFE and
Pexp = maximum axial load numerically predicted and experimen-
tally measured, respectively), and axial strain at peak strength,
S = eFE/eexp (where eFE and eexp = axial strain at peak strength
numerically predicted and experimentally measured, respectively).
The agreement in terms of load-carrying capacity between experi-
mental results and numerical simulations is excellent, with
lR = 1.05 (where lR = mean value of R) and COVR = 0.06 (where
COVR = coefficient of variation of R). The agreement in terms of
axial strain at peak strength between experimental results and
numerical simulations is also very good, with lS = 0.94 (where
lS = mean value of S) and COVS = 0.08 (where COVS = coefficient
of variation of S). These results are consistent with similar results
reported in the existing literature [52,53].

Table 4 compares the experimentally measured and numeri-
cally simulated values of the load-carrying capacity and axial strain
at peak strength of the selected FRP-confined RC columns
subjected to concentric axial loads. The numerical simulations
were performed using both the SM and the SZM models.

It is noteworthy that, for the concentric axial load case, the
adopted FE model correctly identifies the failure mode of the
FRP-confined RC specimens as FRP rupture. In particular, the SM
model for the confined concrete tracks the value of the hoop strain
during the entire loading procedure and identifies the concrete and
specimen failure when the hoop strain is larger than or equal to the
FRP failure strain. In this case, the statistics of both R and S (i.e.,
mean, standard deviation, coefficient of variation, and minimum
and maximum values) are provided for both SM and SZM models.
These statistics show that both models provide excellent results in
terms of load-carrying capacity, with the SZM model ðlRSZM

¼ 1:00
and rRSZM ¼ 0:07Þ providing results that are slightly better than the
SM model ðlRSM

¼ 1:07 and rRSM ¼ 0:09Þ. The FE analyses per-
formed using both material constitutive models overestimate the
experimentally measured strain at peak strength, with the SM
model ðlSSM

¼ 1:23 and rSSM ¼ 0:31Þ performing better than the
SZM model ðlSSZM

¼ 1:66 and rSSZM ¼ 0:56Þ. This overestimation is
most likely due to the use in this study of the FRP ultimate strains



Table 3
Comparison between experimental results and numerical simulations for reference RC columns subjected to concentric axial loading: axial load-carrying capacity and strain at
peak strength.

Ref. ID Maximum axial load (kN) Axial strain at peak strength (mm/m)

Exp. FE R Exp. FE S

[46] 00-LS320-3 3130 3709 1.18 2.38 2.36 0.99
[47] C1 6648 6618 0.99 2.60 2.21 0.85
[48] K1 4685 4705 1.00 2.80 2.80 1.00
[49] C4NP0C 2930 2845 0.97 2.20 2.29 1.04

C4MP0C 3917 4205 1.07 3.10 2.63 0.85
[50] I.RCC.0L 594 624 1.05 3.77 3.87 1.03

II.RCC.0L 1171 1210 1.03 3.02 2.53 0.84
III.RCC.0L 1267 1341 1.06 2.69 2.53 0.94

[51] C30 1917 2058 1.07 2.70 2.53 0.94

Mean St. Dev. COV Min. Max.

Max. axial load 1.05 0.06 0.06 0.97 1.18
Axial strain at peak strength 0.94 0.08 0.08 0.84 1.04
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directly reported in the references, i.e., no efficiency factors were
applied to account for the fact that the FRP hoop strain at failure
is usually smaller than the ultimate strain of FRP coupons obtained
from axial tests [9,38,39]. In fact, the information provided in the
considered references was generally insufficient to determine
how the reported FRP ultimate strains were obtained (e.g., values
given by the producer, or experimentally measured through axial
testing of FRP coupons by the authors of the tests).

Fig. 4a and b graphically reproduce the results relative to the
load-carrying capacity and axial strain at peak strength, respec-
tively (see Tables 3 and 4). The insets of these figures depict
loading and displacement for the concentric axial loading case.
These two figures have the experimentally measured values on
the vertical axis and the FE predictions on the horizontal axis.
The dashed line on the main diagonal corresponds to perfect agree-
ment between experimental values and numerical simulations, i.e.,
R = 1.00 and S = 1.00 for Fig. 4a and b, respectively. These results
suggest that, for the specimen sizes considered here, the accuracy
of the adopted frame FE in predicting the load-carrying capacity is
not affected by scale effects. In addition, it is observed that the FE
models employed in this study can predict with good accuracy the
axial strain at peak strength for RC columns that are not confined
with FRP, whereas they overestimated the axial strain at peak
strength for RC columns confined with FRP, particularly for larger
values of the strains. As previously explained, this overestimation
is most likely due to the difference between the FRP hoop strain
at failure and the ultimate strains obtained through axial testing
of FRP.

3.3. Finite element model validation for columns subjected to eccentric
axial loading

The performance of the newly developed frame FE was also
evaluated through a comparison between the experimentally mea-
sured and the numerically predicted load-carrying capacity of the
columns included in the experimental database and subjected to
eccentric axial loading (see Table 2). The geometric properties of
the specimens and mechanical properties of the materials are
taken from experimental information provided in the literature
[4,19,44,54–56]. The considered database contains specimens with
a wide range of heights L (from 1200 mm to 3658 mm), cross-sec-
tion diameters d (from 270 mm to 610 mm), unconfined compres-
sive strength of concrete f 0co (from 34.45 MPa to 90.1 MPa),
longitudinal steel reinforcement areas As (from 1608 mm2 to
7384 mm2) and yield strength fy (from 303 MPa to 500 MPa), as
well as a wide variety of FRP reinforcement configurations, FRP
material jacket thickness tf varying in the range 0.33–6.3 mm, elas-
tic modulus Ef varying in the range 18.6–227 GPa, and FRP tensile
strength fj varying in the range 400–3800 MPa. The axial load ratio
P/P0 (where P = applied axial load, and P0 ¼ f 0co � Ag, Ag = cross-sec-
tion gross area) are given in Tables 5 and 6 and vary between
0.15 and 0.54. It is noted here that most of the specimens in [56]
are made with high-strength concrete. However, the SM and SZM
models were developed for normal-strength concrete and further
research is needed to validate their use to model FRP-confined
high-strength concrete. Since the adopted frame FE does not model
shear failure, this study considers only specimens with a ratio L/d
between the shear span length, L, and the diameter, d, larger than
3.0, in order to avoid specimens failing in shear. In addition, the
selected experimental database considers only columns strength-
ened via FRP confinement (i.e., with FRP fibers oriented orthogo-
nally to the column axis); thus, it excludes specimens retrofitted
in flexure or in flexure-confinement (i.e., with FRP fibers oriented
not orthogonally to the column axis). Research is ongoing to com-
bine the frame FE proposed here with a frame FE previously devel-
oped by the second author to model RC elements that are
flexurally-retrofitted with externally-bonded FRP [57]. The combi-
nation of these two frame FEs into a single nonlinear frame FE
could be useful to model RC columns that are retrofitted with
externally-bonded FRP in both flexure and confinement.

Table 5 presents the comparison between experimental results
and numerical simulations of the load-carrying capacity for the ref-
erence RC columns (i.e., without FRP retrofit) under eccentric axial
loading. The accuracy of the numerical model is investigated by
using the ratio of the numerically simulated and experimentally
measured load-carrying capacity, R = FFE/Fexp (where FFE and
Fexp = maximum lateral load numerically predicted and experi-
mentally measured, respectively). The agreement in terms of
load-carrying capacity between experimental results and numeri-
cal simulations is excellent, with lR = 1.02 and COVR = 0.04.

Table 6 compares the experimentally measured and numeri-
cally simulated values of the load-carrying capacities (in terms of
maximum lateral load) of the selected FRP-confined RC columns
subjected to eccentric axial loads. The numerical simulations were
performed using both the SM and the SZM models. The statistics of
R (i.e., mean, standard deviation, coefficient of variation, and min-
imum and maximum values) are provided for both models. These
statistics show that both models provide excellent results in terms
of load-carrying capacity (i.e., lRSM

¼ 1:02 and rRSM ¼ 0:06 for the
SM model, and lRSZM

¼ 1:00 and rRSZM ¼ 0:05 for the SZM model,
respectively).

Fig. 5 graphically reproduces the results relative to the load-car-
rying capacities for the column specimens subjected to eccentric
axial load, which are provided in Tables 5 and 6. The inset of this
figure also depicts loading and displacement for the eccentric axial
loading case. The result indicates that, for all sizes of the specimens



Table 4
Comparison between experimental results and numerical simulations for FRP-confined RC columns subjected to concentric axial loading: axial load-carrying capacity and strain
at peak strength.

Ref. ID Maximum axial load (kN) Axial strain at peak strength (mm/m)

Exp. SM RSM SZM RSZM Exp SM SSM SZM SSZM

[45] C01-L0-20 4370 5202 1.19 4911 1.12 8.90 19.16 2.15 22.05 2.48
C01-L0-26 5903 6905 1.17 6070 1.03 17.30 25.72 1.49 29.86 1.73

[46] G01-L0-9 3895 4439 1.14 4570 1.17 7.39 10.83 1.46 17.50 2.37
G01-L0-13 5500 6091 1.11 5784 1.05 12.51 21.32 1.70 24.93 1.99

[47] C2 7479 7114 0.95 7797 1.04 8.80 7.65 0.87 7.27 0.83
C3 7884 7139 0.91 8025 1.02 9.50 8.20 0.86 8.50 0.89
C4 10134 8118 0.80 8991 0.89 11.60 23.14 1.99 12.02 1.04

[48] K2 7460 7745 1.04 7115 0.95 11.1 11.3 1.02 15.70 1.41
K3 7490 7590 1.01 7311 0.98 4.30 4.25 0.99 8.25 1.92
K4 7580 7777 1.03 7510 0.99 6.90 8.2 1.19 15.00 2.17
K5 5325 5458 1.02 5558 1.04 3.80 5.8 1.53 4.80 1.26
K8 6230 6665 1.07 6333 1.02 5.90 6 1.02 8.8 1.49

[49] A5NP2C 3326 3360 1.01 3231 0.97 6.30 6.75 1.07 8.75 1.39
C4NP2C 3704 3809 1.03 3504 0.95 7.70 8.25 1.07 10.50 1.36
C4NP4C 5468 5675 1.04 4866 0.89 20.80 22 1.06 22.75 1.09
B4NP2C 4182 4255 1.02 4065 0.97 13.6 14.25 1.05 16.25 1.19
C4MP2C 5434 5422 1.00 4994 0.92 8.80 10.75 1.22 14.75 1.67

[50] I.RCC.1L 1003 1128 1.12 1129 1.12 15.34 15.94 1.04 18.75 1.22
I.RCC.3L 1435 1595 1.11 1544 1.08 22.98 24.25 1.05 23.44 1.02
II.RCC.1L 1558 1809 1.16 1594 1.02 8.36 8.75 1.05 20.62 2.47
II.RCC.3L 2019 2561 1.27 2049 1.01 13.58 15.25 1.12 25.63 1.89
III.RCC.1L 1532 1709 1.12 1586 1.03 3.75 4.53 1.21 11.25 3
III.RCC.3L 1906 2164 1.14 1892 0.99 6.18 7.81 1.26 15.47 2.50

[51] C10 1485 1670 1.12 1381 0.93 13.10 16.93 1.29 25.73 1.96
C41 2767 3065 1.11 2804 1.01 9.10 11.73 1.29 17.60 1.93
C34 3742 4033 1.08 3463 0.93 15.50 17.6 1.14 24.93 1.61
C43 3967 4515 1.14 3700 0.93 16.60 18.4 1.11 23.47 1.41
C44 4828 5363 1.11 4481 0.93 22.50 26.4 1.17 28.67 1.27

Mean St. Dev. COV Min. Max.

Max. axial load (SM model) 1.07 0.09 0.09 0.80 1.27
Axial strain at peak strength (SM model) 1.23 0.31 0.25 0.86 2.15
Max. axial load (SZM model) 1.00 0.07 0.07 0.89 1.17
Axial strain at peak strength (SZM model) 1.66 0.56 0.34 0.83 3.00
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Fig. 4. Comparison between experimental and numerical results for columns subjected to concentric axial loading: (a) ultimate load-carrying capacity, and (b) strain at peak
strength.
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considered here, the FE models employed in this study can
accurately predict the load-carrying capacity for both reference
columns and FRP-confined RC columns.

It is noteworthy that the frame FE developed in this research
automatically accounts for the different confining conditions expe-
rienced by different portions of the same cross-section under
eccentric axial load conditions. In fact, while the same constitutive
models are used for all concrete fibers in each cross-section under
any type of loading condition, the two FRP-confined concrete
material models adopted in this study account for the different
confinement levels corresponding to different axial strain levels.
In particular, the SM model accounts for varying confinement in
a direct way by computing iteratively through equilibrium the
concrete lateral strain and the corresponding FRP confinement
pressure; whereas the SZM accounts for varying confinement indi-
rectly through fitting to experimental results of the relation
between axial strain and FRP confinement pressure. Thus, the
adopted frame FE can also be used to predict the confinement



Table 5
Comparison between experimental results and numerical simulations for reference RC columns subjected to eccentric axial loading: lateral load-carrying capacity.

Ref. ID Axial load ratio P/P0 Maximum lateral load (kN)

Exp. FE R

[54,19] As-built 0.18 64 64.1 1.00
[4] As-built 0.18 208 226 1.09
[44] S-2NT 0.27 133 136.7 1.03

S-3NT 0.54 126 130.6 1.04
S-4NT 0.27 135 133.3 0.99

[55] BR-C8 0.15 210 208.5 0.99

Mean St. Dev. COV Min. Max.

Max. lateral load 1.02 0.04 0.04 0.99 1.09

Table 6
Comparison between experimental results and numerical simulations for FRP-confined RC columns subjected to eccentric axial loading: lateral load-carrying capacity.

Ref. ID Axial load ratio P/P0 Maximum lateral load (kN)

Exp. SM RSM SZM RSZM

[54,19] Upgraded 0.18 84 87.5 1.04 84.7 1.01

[4] #1 0.18 272 297 1.09 290 1.07
#2 0.18 310 302 0.97 293 0.95

[44] ST-2NT 0.54 203 204.1 1.01 200.7 0.99
ST-3NT 0.54 199 210.2 1.06 215 1.08
ST-4NT 0.27 185 175.5 0.95 182.3 0.99
ST-5NT 0.27 179 176.2 0.98 176.9 0.99

[55] BR-C8-1 0.15 256 259 1.01 252 0.98
BR-C8-2 0.15 263 244.5 0.93 242 0.92

[56] RC-1 0.31 101 114 1.13 105 1.04
RC-2 0.34 86 95 1.10 90.5 1.05
RC-3 0.47 84 85.8 1.02 80.6 0.96
RC-4 0.34 153 158 1.03 163 1.07

Mean St. Dev. COV Min. Max.

Max. lateral load (SM model) 1.02 0.06 0.06 0.95 1.13
Max. lateral load (SZM model) 1.00 0.05 0.05 0.92 1.08
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Fig. 5. Comparison between experimental and numerical results for columns
subjected to eccentric axial loading: maximum lateral force.
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efficiency of a given FRP confinement configuration under different
loading conditions.
3.4. Comparison of force–displacement response

The accuracy of the adopted frame FE was also investigated
through a comparison between the experimentally measured and
the numerically predicted force–displacement response of the
FRP-confined circular RC columns included in the experimental
database considered in this study. Due to space constraints, this
section describes in detail the force–displacement results corre-
sponding to (1) the specimens identified as C4NP0C (unconfined
specimen) and B4NP2C (FRP-confined specimen) in [49], as repre-
sentative of columns subjected to concentric axial loading; and (2)
the specimens identified as ‘‘as-built’’ (unconfined specimen) and
‘‘upgraded’’ (FRP-confined specimen) in [19] (in which the mono-
tonic envelopes of the cyclic tests presented in [54] were reported),
as representative of columns subjected to eccentric axial loading. It
is noteworthy that the results corresponding to the other
specimens considered in this study are similar to the select results
presented in this section, as indicated by the results presented in
Tables 4 and 6.

Fig. 6a plots the axial force–displacement response for the
unretrofitted RC column (C4NP0C) and the FRP-confined RC col-
umn (B4NP2C) subjected to concentric axial loads. The thick lines
correspond to the results for the C4NP0C specimen, whereas the
thin lines correspond to the results for the B4NP2C specimen.

For the unretrofitted column, the agreement between numeri-
cal simulations and experimental records is excellent up to the
peak strength (i.e., the numerical results capture well the initial
stiffness, the stiffness degradation, and the peak strength of the
specimen, with R = 0.97 and S = 1.04), and very good in the soften-
ing branch of the response, where the FE results slightly overesti-
mate the post-peak residual strength of the column. It is
noteworthy that the experimental axial force–displacement
response of RC columns after the peak strength is usually affected
by significant uncertainties and, thus, large discrepancies can be
expected not only between numerical and experimental results,
but also between different experimental tests performed on
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equally-built specimens. These results are consistent with the
results reported in [52]. For the FRP-confined RC column, the SM
model provided results that are in excellent agreement with the
experimental data in terms of initial stiffness, force at the yield
point, post-yielding stiffness, peak strength, and displacement at
the peak strength of the specimen. The SZM appeared to (1) under-
estimate by a very small amount the force at the yield point, (2)
accurately capture the post-yielding stiffness and the peak
strength, and (3) overestimate the displacement at the peak
strength of the FRP-confined specimen. As expected, some discrep-
ancies can be observed between the experimentally recorded and
numerically simulated response of the specimens after the peak
strength was achieved. This disagreement between experimental
and numerical results may be due to the fact that, in the FE models,
the FRP confinement fails along the entire length of the column
during a single load step; whereas, in the experimental test, the
FRP confinement may have failed locally at different locations for
different values of the imposed axial displacement. However, this
disagreement is neither a theoretical nor a practical limitation of
the two models considered in this study due to the following
considerations: (1) the post-peak response of FRP-confined RC col-
umns is affected by significant uncertainties, the effects of which
can be evaluated only by using probabilistic structural models;
and (2) in real-world applications, FRP-confined RC columns are
rarely loaded axially in displacement control. In addition, it is note-
worthy that both the SM and SZM models identify the same resid-
ual strength after peak-strength for the column. The capability of
these models to identify the column’s residual strength after fail-
ure can be useful in the analysis of large structural systems, for
which the failure of a single structural element may not corre-
spond to the complete collapse of the structural system. Similar
results were obtained also for the other FRP-confined RC columns
subjected to concentric axial load and considered in this study.

These results confirm those presented in Tables 3 and 4 in terms
of axial load-carrying capacity and strain at peak strength of the
specimens. In addition, they suggest that the SM model can capture
very well the initial stiffness of the column specimens, whereas the
SZM slightly underestimates the initial stiffness of the column
specimens. Both SM and SZM models capture the stiffness degra-
dation before the peak strength and correctly identify the failure
mode of FRP-confined RC columns subjected to concentric axial
load as FRP rupture along the hoop direction.

Fig. 6b plots the lateral force–displacement response for the ref-
erence column (‘‘as-built’’) and the FRP-confined RC column
(‘‘upgraded’’) subjected to eccentric axial load. The thick and thin
lines correspond to the results for the ‘‘as-built’’ and the
‘‘upgraded’’ specimen, respectively. In this case, the agreement
between numerical simulations and experimental records is excel-
lent for both the reference column (R = 1.00) and the FRP-confined
RC column (RSM = 1.04 and RSZM = 1.01). The SM model slightly
overestimated the lateral force after yielding and the peak
strength, whereas the SZM model slightly underestimated the stiff-
ness of the specimen after the initial cracking of the concrete. The
results presented here show that the adopted frame FE is able to
accurately predict not only the peak strength of FRP-confined RC
columns, but also their nonlinear force–displacement response
under different loading conditions. This accuracy is achieved at a
low computational cost, by using a very small number of FEs (only
one in this case) to discretize the RC columns.
4. Conclusions

This paper presents a simple and efficient frame FE, which is
able to accurately simulate the nonlinear response of circular RC
columns confined with externally-bonded FRP. This frame FE uses
a force-based formulation and a fiber-section discretization.
Advanced material constitutive models are adopted to describe
the nonlinear stress–strain behavior of steel, unconfined concrete,
steel-confined concrete, and FRP-confined concrete.

The presented frame FE is used to predict the ultimate load-car-
rying capacity of FRP-confined RC columns subjected to concentric
axial load (i.e., variable axial load only) and eccentric axial load
(i.e., constant axial load and variable lateral load). Numerical sim-
ulations and experimental results are compared based on data
available in the literature. The numerical simulation results are
in excellent agreement with the experimental measurements in
terms of peak strength and force–displacement responses.

The outstanding features of this frame FE are its simplicity,
computational efficiency, and accuracy in predicting the structural
behavior of circular RC columns confined with FRP even when a
very coarse FE discretization is used to model a structural compo-
nent. The major contribution of this study is the combination and
implementation of existing modeling tools into a nonlinear frame
FE that represents a step toward enabling the accurate and compu-
tationally efficient modeling of real-world full-scale structures
with FRP-confined RC columns. Indeed, the major benefits of the
adopted frame FE are achieved in the nonlinear FE analysis of
real-world large-scale structures, for which the focus is on the
global structural response rather than on the local behavior at
the single member or material levels. Further studies are ongoing
to extend the presented frame FE to analysis of columns with rect-
angular cross-section, with shear span over diameter ratio L/d 6 3,
and with local buckling of the longitudinal reinforcement.
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