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Abstract: This paper presents closed-form solutions for the nongeometric spectral characteristics of nonstationary stochastic processes rep-
resenting the response of linear elastic structural models subjected to fully nonstationary excitation processes. These spectral characteristics
provide a complete description of the nonstationary stochastic processes representing the dynamic response of linear structural models when
the input excitation is aGaussian process. In particular, the nongeometric spectral characteristics can be used to evaluate the time-variant central
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Introduction

In general, the dynamic response behavior of structural and me-
chanical systems subjected to uncertain dynamic excitations can be
described using random processes. The probabilistic characteriza-
tion of these random processes can be extremely complex when
nonstationary and/or non-Gaussian input processes are involved. In
specific applications, an incomplete description of the stochastic
processes representing the structural dynamic response may suffice
(e.g., a description based on the spectral characteristics of the pro-
cesses under study) (Priestley 1987). For stationary stochastic
processes, the spectral characteristics are defined as the geometric
spectralmoments of the power spectral density (PSD) function of the
process (Priestley 1987). By contrast, the so-called nongeometric
spectral characteristics (NGSCs) (Di Paola 1985; Michaelov et al.
1999; Barbato andConte 2008; Barbato andVasta 2010) can be used
to evaluate the time-variant central frequency and bandwidth
parameters, which characterize a nonstationary stochastic process in
a synthetic way. The NGSCs have been proven appropriate for
describing nonstationary stochastic processes and can be effectively
used in structural reliability applications, such as the computation of
the time-variant probability of a random process out-crossing
a specified limit-state threshold (Corotis et al. 1972).

In this paper, using the definition of NGSCs for general complex-
valued nonstationary stochastic processes proposed in Barbato and
Conte (2008) and complexmodal analysis, closed-form solutions for

the NGSCs of nonstationary stochastic processes representing the
displacement, velocity, and/or acceleration response of linear elastic
structural models subjected to fully nonstationary (both in amplitude
and frequency) stochastic excitations are obtained. It is noteworthy
that, whereas closed-form solutions have been available for more
than 2 decades for the simpler case of geometric spectral moments of
stationary stochastic processes (Spanos 1983; Spanos and Miller
1994), the availability of closed-form solutions for the NGSCs of
nonstationary response processes of linear systems is very recent for
the case of time-modulated white noise (Barbato and Conte 2008)
and colored noise excitation processes (Barbato and Vasta 2010).

Here, the results presented in Barbato and Vasta (2010) are ex-
tended to more general time-modulating and PSD functions. The
NGSCs are used in this study to derive exactly and in closed form
the time-variant statistics (including variance of the displacement
and velocity responses, cross-correlation between displacement and
velocity responses, and central frequency and bandwidth parameter
of the displacement responses) of the response processes of single-
degree-of-freedom (SDOF) and both classically and nonclassically
damped multidegree-of-freedom (MDOF) linear elastic systems
subjected to nonstationary excitation from at-rest initial conditions.
These closed-form response statistics are then used to estimate, using
existing analytical approximations (Crandall 1970; Vanmarcke
1975; Barbato and Conte 2011), the first-passage failure probability
of SDOF and MDOF linear models of structures subjected to
nonstationary seismic excitations. For the sake of simplicity and
without loss of generality, all random processes considered in this
study are zero-mean processes. For these processes, the autocovariance
and cross-covariance functions coincide with their autocorrelation
and cross-correlation functions, respectively.

Spectral Characteristics of Nonstationary
Random Processes

A nonstationary stochastic process XðtÞ can be expressed in the
general form of a Fourier-Stieltjes integral as (Priestley 1965, 1987;
Shinozuka 1970)
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XðtÞ ¼
ð‘
2‘

AXðv, tÞ × ej×v×t × dZðvÞ (1)

in which t 5 time; v 5 frequency parameter; j5
ffiffiffiffiffiffiffi
21

p
; AXðv, tÞ

5 complex-valued deterministic time-frequency modulating func-
tion; and dZðvÞ5 zero-mean orthogonal-increment process (Priestley
1987). The process XðtÞ has the following evolutionary PSD
function:

FXXðv, tÞ ¼ Ap
Xðv, tÞ ×FXSXSðvÞ ×AXðv, tÞ (2)

in whichFXSXSðvÞ 5 PSD function of the embedded stationary pro-
cess XSðtÞ5

Ð ‘
2‘ e

j×v×t × dZðvÞ; and superscript ð. . .Þp 5 complex-
conjugate operator.

It is also convenient to define the auxiliary process YðtÞ as the
modulation [with modulating function AXðv, tÞ] of the stationary
process YSðtÞ, which is defined as the Hilbert transform of the
embedded stationary process XSðtÞ (Arens 1957; Dugundji 1958)

YðtÞ ¼ 2j ×
ð‘
2‘

sgnðvÞ ×AXðv, tÞ × ej×v×t × dZðvÞ (3)

inwhich sgnð. . .Þ5 sign function. For each nonstationary stochastic
process XðtÞ, two sets of NGSCs can be defined as (Barbato and
Conte 2008)

cik,XXðtÞ ¼
ð‘
2‘

FXðiÞXðkÞ ðv, tÞ × dv ¼ sXðiÞXðkÞ ðtÞ

cik,XYðtÞ ¼
ð‘
2‘

FXðiÞY ðkÞ ðv, tÞ × dv ¼ sXðiÞY ðkÞ ðtÞ
(4)

where sXðiÞXðkÞ ðtÞ 5 cross-covariance of random processes XðiÞðtÞ
andXðkÞðtÞ (at the same time t); andsXðiÞYðkÞ ðtÞ5 cross-covariance of
random processes XðiÞðtÞ and Y ðkÞðtÞ (at the same time t), in which

WðmÞðtÞ ¼ dmWðtÞ
dtm

; W ¼ X,Y ; m ¼ i, k (5)

The evolutionary cross-PSD functionsFXðiÞW ðkÞ ðv, tÞ (W 5X, Y and
i, k5 0, 1, . . .) are given by

FXðiÞW ðkÞ ðv, tÞ ¼ Ap
XðiÞ ðv, tÞ ×FXSXSðvÞ ×AW ðkÞ ðv, tÞ (6)

where (Peng and Conte 1998)

AW ðiÞ ðv, tÞ ¼ e2j×v×t ×
∂i

∂ti
�
AWðv, tÞ × e j×v×t� (7)

Herein, it is assumed that the time derivative processes involved in
Eq. (5) exist in the mean-square sense. In the particular case when
i5 k5 n, the cross-covariance in the first line of Eq. (4) reduces to
the variance of the nth time derivative of the process XðtÞ
[i.e., sXðnÞXðnÞ ðtÞ5s2

XðnÞ ðtÞ].
The four NGSCs c00,XXðtÞ, c11,XXðtÞ, c01,XXðtÞ, and c01,XYðtÞ are

particularly relevant to random vibration theory and time-variant
reliability analysis. In fact, c00,XXðtÞ and c11,XXðtÞ 5 variance of
processXðtÞ and its first time derivative [i.e.,s2

XðtÞ ands2
_X
ðtÞ, where

superposed dot5 differentiation with respect to time], respectively;
c01,XXðtÞ 5 cross-covariance of process XðtÞ and its first time de-
rivative [i.e., sX _XðtÞ]; and c01,XYðtÞ 5 cross-covariance of process
XðtÞ and the first time derivative of process YðtÞ [i.e., sX _YðtÞ]. The
definitions in Eq. (4) for c00,XXðtÞ, c11,XXðtÞ, c01,XXðtÞ, and c01,XYðtÞ
are valid for both real-valued and complex-valued nonstationary
stochastic processes (Barbato and Conte 2008). In the case of real-
valued nonstationary stochastic processes, these definitions are
equivalent to those proposed byDi Paola (1985) andMichaelov et al.
(1999). The NGSCs c00,XXðtÞ, c11,XXðtÞ, and c01,XYðtÞ are used in the
definition of the time-variant central frequency, vcðtÞ, and band-
width parameter, qðtÞ, of the nonstationary stochastic process XðtÞ
as (Barbato and Conte 2008)

vcðtÞ ¼ c01,XYðtÞ
c00,XXðtÞ (8)

qðtÞ ¼
"
12

c201,XYðtÞ
c00,XXðtÞ × c11,XXðtÞ

#1=2
(9)

The time-variant central frequency and bandwidth parameter are
useful in describing the time-variant spectral properties of a real-
valued nonstationary stochastic process XðtÞ. The central fre-
quency vcðtÞ provides a measure of the average frequency of the
process at each instant of time. The bandwidth parameter qðtÞ
provides information on the spectral bandwidth of the process at
each instant of time (it is close to 1 for a narrowband process and
decreases as the bandwidth increases). A nonstationary stochastic
process can behave as a narrowband and a broadband process at
different instants of time. The computation of the central frequency
and bandwidth parameter defined in Eqs. (8) and (9) for complex-
valued nonstationary stochastic processes is needed for the solution
of problems requiring a state-space representation (e.g., in the
presence of nonclassical damping). In addition, the bandwidth
parameter qðtÞ is an essential ingredient of analytical approximations
of the time-variant failure probability for a first-passage reliability
problem (Rice 1944, 1945; Lin 1967; Crandall 1970; Corotis et al.
1972; Vanmarcke 1975; Barbato and Conte 2011; Ghazizadeh et al.
2012).

Spectral Characteristics of the Stochastic Response
of Linear Systems Subjected to Fully
Nonstationary Excitations

Complex Modal Analysis

A state-space formulation of the equations of motion for a linear
MDOF system is useful to describe the response of both classically
and nonclassically damped systems (Reid 1983). The general
(second-order) equations of motion for an n-degree-of-freedom
(DOF) linear system are, in matrix form

M × €UðtÞ þ C × _UðtÞ þK ×UðtÞ ¼ P ×FðtÞ (10)

in which M, C, and K5 n3 n time-invariant mass, damping, and
stiffness matrices, respectively; UðtÞ 5 length-n vector of nodal
displacements; P5 length-n load distribution vector; FðtÞ5 scalar
function describing the time history of the external loading (random
process); and a superposed dot denotes differentiationwith respect to
time. The matrix equation of motion given in Eq. (10) can be recast
into the following first-order matrix equation:
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_ZðtÞ ¼ G ×ZðtÞ þ ~P ×FðtÞ (11)

where

ZðtÞ ¼
�
UðtÞ
_UðtÞ

�
ð2n�1Þ

; G ¼
�

0n�n In�n

2M21 ×K 2M21 ×C

�
ð2n�2nÞ

;

~P ¼
�

0n�1

M21 ×P

�
ð2n�1Þ

(12)

The subscripts in Eq. (12) indicate the dimensions of the vectors
and matrices to which they are attached. Using the complex modal
matrix T formed by the complex eigenmodes of the system matrix
G, the first-order matrix equation of motion, Eq. (11), can be
decoupled into the following 2n normalized complex modal
equations:

_SiðtÞ ¼ li × SiðtÞ þ FðtÞ; i ¼ 1, 2, . . . , 2n (13)

in which S5 ½S1ðtÞS2ðtÞ . . . S2nðtÞ�T 5 normalized complex modal
response vector; li (i5 1, . . . , 2n) 5 complex eigenvalues of the
system matrix G; and the superscript ð. . .ÞT denotes the matrix
transpose operator. The response of the linear MDOF system can be
obtained as

ZðtÞ5 ~T × SðtÞ (14)

in which ~T5T ×G 5 effective modal participation matrix; G
5 diagonal matrix containing the 2nmodal participation factors Gi,
defined as the ith component of vector T21 × ~P5 ½G1G2 . . .G2n�T .
Assuming that the system is initially at rest, the solution to Eq. (13)
can be expressed as the Duhamel integral

SiðtÞ5
ðt
0

eli×ðt2tÞ ×FðtÞ × dt ¼
ð‘
2‘

ASiðv, tÞ × ej×v×t × dZðvÞ;

i ¼ 1, 2, . . . , 2n (15)

where (Peng and Conte 1998)

FðtÞ ¼
ð‘
2‘

AFðv, tÞ × ej×v×t × dZðvÞ (16)

ASiðv, tÞ ¼
ðt
2‘

eðli2j×vÞ×ðt2tÞ ×AFðv, tÞ × dt; i ¼ 1, 2, . . . , 2n

(17)

The complex eigenvalues and eigenvectors of matrix G, as well as
the normalized complex modal responses, SiðtÞ (i5 1, 2, . . . , 2n),
are complex conjugates by pairs.

NGSCsofResponseProcessesofLinearMDOFSystems
Using Complex Modal Analysis

The state-space formulation of the equations of motion is advan-
tageous for the computation of the NGSCs of response processes

for both classically and nonclassically damped linear MDOF
systems. If the input processes are Gaussian, the response pro-
cesses of linear elastic MDOF systems are also Gaussian. If UiðtÞ
denotes the ith DOF displacement response process of a linear
elastic MDOF system subjected to Gaussian excitation, the only
spectral characteristics required for time-variant reliability analysis
(related to or based on this DOF displacement response) are
(i5 1, 2, . . . , n)

c00,UiUiðtÞ ¼ s2
Ui
ðtÞ

c11,UiUiðtÞ ¼ s2
_Ui
ðtÞ

c01,UiUiðtÞ ¼ sUi _Ui
ðtÞ

c01,UiViðtÞ ¼ sUi _Vi
ðtÞ

(18)

where _Vi 5 first time derivative of the auxiliary process Vi defined
as [Eq. (3)]

ViðtÞ ¼ 2j ×
ð‘
2‘

sgnðvÞ ×AUiðv, tÞ × ej×v×t × dZðvÞ;

i ¼ 1, 2, . . . , 2n (19)

in which AUiðv, tÞ 5 time-frequency modulating function of the
process UiðtÞ. The auxiliary state vector process can be defined,
similar to the state vector process ZðtÞ in Eq. (12), as

JðtÞ ¼
�
VðtÞ
_VðtÞ

�
ð2n�1Þ

(20)

Using the complex mode superposition method, the cross-
covariance matrices of the state vector process ZðtÞ and auxiliary
state vector process JðtÞ can be obtained as

E
�
ZðtÞ ×ZTðtÞ� ¼ ~T

p
×E

�
SpðtÞ × STðtÞ� × ~TT

(21)

E
h
ZðtÞ ×JTðtÞ

i
¼ ~T

p
×E

h
SpðtÞ ×STðtÞ

i
× ~T

T
(22)

in which E½. . . � 5 expectation operator; S5 ½S1ðtÞS2ðtÞ . . .
S2nðtÞ�T , where

SiðtÞ52j ×
ð‘
2‘

sgnðvÞ ×ASiðv, tÞ × ej×v×t × dZðvÞ; i ¼ 1, 2, . . . , 2n

(23)

Eqs. (21) and (22) show that all quantities in Eq. (18) can be
computed from the following spectral characteristics of complex-
valued nonstationary stochastic processes (i,m5 1, 2, . . . , 2n):

E
�
Spi ðtÞ × SmðtÞ

� ¼ sSiSmðtÞ (24)

E
�
Spi ðtÞ ×SmðtÞ

� ¼ sSiSm
ðtÞ (25)

Knowledge of the spectral characteristics defined in Eqs. (24) and
(25) allows computation of the zeroth to second-order NGSCs of
the components of any response vector QðtÞ linearly related to
the displacement response vector UðtÞ [i.e., QðtÞ5B ×UðtÞ, with B
5 constant matrix].
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ResponseStatistics ofMDOFLinear SystemsSubjected
to Fully Nonstationary Loading

A fully nonstationary process (i.e., with time-varying amplitude
and frequency content) can be obtained as the superposition of
component time-modulated colored noise processes (also called
uniformly modulated component processes). The expression given
in Eq. (16) describing a general nonstationary loading process
reduces to

FðtÞ ¼ PNc

f51

�
Af ðtÞ ×Pf ðtÞ

�
(26)

in which Nc 5 number of component processes; Af ðtÞ5 f th
frequency-independent time-modulating function ( f 5 1, 2, . . . ,Nc);
Pf ðtÞ5 f th stationary colored noise process, with PSD function
having the following general expression:

Ff ðvÞ ¼ S0f ×
PNf

k51

Pnk
l50

Ak l

ðv2vkÞl
(27)

in whichAkl and vk (k5 1, 2, . . . ,Nf )5 complex-valued constants;
and S0f 5 real-valued scaling constant. In this paper, it is assumed
that the frequency-independent time-modulating functions Af ðtÞ
have the following general expression:

Af ðtÞ ¼ HðtÞ × PMf

q51

�
aq × tsq × ebq × t

�
(28)

in which aq, bq, and sq (q5 1, 2, . . . ,Mf ) 5 real-valued constants;
and HðtÞ 5 unit-step function.

Substituting Eq. (28) for Af ðtÞ into Eq. (17) for AFðv, tÞ, and
considering only integer values for sq (q5 1, 2, . . . ,Mf ), yields
(i5 1, 2, . . . , 2n)

ASiðv, tÞ ¼
PMf

q51

8<
:aq × ebq × t ×

�
sq
�
! ×

Psq
p50

2
4 ð21Þp × tðsq2pÞ�

sq 2 p
�
! × uðpþ1Þ

qi

3
5
9=
;

þ eðli2j ×vÞ × t ×
PMf

q51

2
64aq × ð21Þðsqþ1Þ × �sq�!

u
ðsqþ1Þ
qi

3
75

(29)

where uqi 5 j × ðv2vqiÞ and vqi 5 j × ðbq 2 liÞ.
Substituting Eqs. (27) and (29) into Eq. (6) [where the embedded

stationary process XSðvÞ becomes Pf ðtÞ and therefore FXsXsðvÞ
5Ff ðvÞ], and the resulting expression into the first part of Eq. (4),
the time-domain complex modal response statistics defined in
Eq. (24) can be computed as (i,m5 1, 2, . . . , 2n)

sSiSmðtÞ ¼
PNc

f51
S0f ×

PMf

q51

PMf

r51

PNf

k51

Pnk
l50

aq × ar ×Akl ×
�
sq
�
! × ðsrÞ! ×

(
eðbqþbrÞ×t × Psq

p50

Psr
u50

"
ð21Þp × jðpþuÞ × tðsqþsr2p2uÞ�

sq2 p
�
! × ðsr 2 uÞ! × Iiqp,mru,l0

#

þ eðl p
i þlmÞ × t × ð21Þsq × jðsqþsrÞ × Iiqsq,mrsr ,l0

2 eðl p
i þbrÞ×t × ð2jÞsq × Psr

u50

�
ju × tðsr2uÞ

ðsr 2 uÞ! × I
iqsq,mru,l
þ1

�
× 2 eðlmþbqÞ×t × jsr × Psq

p50

"
ð2jÞp × tðsq2pÞ�

sq2 p
�
!

× Iiqp,mrsr ,l21

#)
(30)

in which

Iiqp,mru,lg ¼
ðþ‘

2‘

eg×j×v×t × dv	
v2v p

qi


ðpþ1Þ
× ðv2vrmÞðuþ1Þ × ðv2vkÞl

¼ Ppþ1

s51
AðgÞ
s ×

ðþ‘

2‘

eg×j×v×t × dv	
v2v p

qi


s þ Puþ1

s51
BðgÞ
s ×

ðþ‘

2‘

eg×j×v×t × dv
ðv2vrmÞs þ

Pl
s51

CðgÞ
s ×

ðþ‘

2‘

eg×j×v×t × dv
ðv2vkÞs (31)

where AðgÞ
s , BðgÞ

s , and CðgÞ
s 5 complex-valued partial fraction decomposition coefficients (g521, 0,11). The integrals in Eq. (31) can be

derived analytically using Cauchy’s residue theorem (Barbato 2007; Barbato and Conte 2008) (Appendix I).
SubstitutingEqs. (27) and (29) into Eq. (6), and the resulting expression into the second part of Eq. (4), the spectral characteristics in Eq. (25)

are obtained as (i,m5 1, 2, . . . , 2n)

sSiSm
ðtÞ ¼ 2j ×

PNc

f51
S0f ×

PMf

q51

PMf

r51

PNf

k51

Pnk
l50

aq × as ×Akl ×
�
sq
�
! × ðsrÞ! ×

(
eðbqþbrÞ×t × Psq

p50

Psr
u50

"
ð21Þp × jðpþuÞ × tðsqþsr2p2uÞ�

sq2 p
�
! × ðsr 2 uÞ! × Jiqp,mru,l0

#

þ eðl p
i þlmÞ×t × ð21Þsq × jðsqþsrÞ × Jiqsq,mrsr ,l0 2 eðl p

i þbrÞ×t × ð2jÞsq × Psr
u50

�
ju × tðsr2uÞ

ðsr 2 uÞ! × J
iqsq,mru,l
þ1

�

2 eðlmþbqÞ×t × jsr × Psq
p50

"
ð2jÞp × tðsq2pÞ�

sq2 p
�
!

× Jiqp,mrsr ,l21

#)
(32)

in which
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Jiqp,mru,lg ¼
ðþ‘

2‘

sgnðvÞ × eg×j×v×t × dv	
v2v p

qi


ðpþ1Þ
× ðv2vrmÞðuþ1Þ × ðv2vkÞl

¼ Ppþ1

s51
AðgÞ
s ×

ðþ‘

2‘

sgnðvÞ × eg×j×v×t × dv	
v2v p

qi


s

þ Puþ1

s51
BðgÞ
s ×

ðþ‘

2‘

sgnðvÞ × eg×j×v×t × dv
ðv2vrmÞs

þ Pl
s51

CðgÞ
s ×

ðþ‘

2‘

sgnðvÞ × eg×j×v×t × dv
ðv2vkÞs (33)

can also be obtained in closed form through integration in the com-
plex plane (Appendix II).

It is noteworthy that the input stochastic process defined by
Eqs. (26)–(28) is significantlymore general than the time-modulated
colored noise process considered in Barbato and Vasta (2010). The
solution of the integrals given in Eq. (33) is also significantly more
advanced from a mathematical viewpoint than the results derived in
Barbato and Vasta (2010), because of the presence of complex poles
of order higher than 1. In addition, the closed-form exact solutions
presented herein for the spectral characteristics of MDOF linear
system response processes are valid for any kind of nonstationary
excitation as described by Eqs. (26)–(28). However, the considered
description of these response processes includes only first- and
second-order statistical moments and, thus, is complete only for
Gaussian response processes, which are generated only if the input
process is Gaussian. The remainder of this paper considers non-
stationary Gaussian excitations only.

First-Passage Reliability Problem for Nonstationary
Response of Linear Elastic Structural Models

A classical result sought in stochastic dynamics is the failure proba-
bility for the first-passage reliability problem, referred to as first-
passage failure probability (i.e., the probability that a given response
quantity of an engineering system subjected to a dynamic stochastic
loading out-crosses a specified thresholdwithin a given exposure time).

A number of analytical and numerical studies have been devoted
to the computation of the first-passage failure probability (Rice
1944, 1945; Crandall 1970; Corotis et al. 1972; Vanmarcke 1975;
Beck 2008). However, to date, no exact closed-form solution for the
first-passage failure probability is available even for the simplest
case (i.e., a SDOF linear oscillator subjected to Gaussian white noise
excitation with a deterministic failure threshold) (Crandall 1970;
Naess 1990; Barbato and Conte 2011; Ghazizadeh et al. 2012).

Existing analytical approximations express the first-passage
failure probability, Pf ,jXj, for the symmetric double-barrier prob-
lem (which corresponds to the out-crossing of a failure threshold
level, xlim, by the absolute value of the random process XðtÞ from at-
rest initial conditions) as follows:

Pf ,jXjðxlim, tÞ ¼ 12 exp

2
42 ðt

0

hjXjðxlim, tÞ × dt
3
5 (34)

wherehjXj 5 time-variant hazard function for the symmetric double-
barrier problem. The most widely used approximations are the
Poisson’s (P) approximation, hP,jXj (Rice 1944, 1945); the classical

Vanmarcke’s (cVM) approximation, hcVM,jXj; and the modified
Vanmarcke’s (mVM) approximation, hmVM,jXj (Corotis et al.
1972; Vanmarcke 1975). The corresponding approximate time-
variant hazard functions are given by

hP,jXj ðxlim, tÞ ¼ yjXjðxlim, tÞ (35)

hcVM,jXjðxlim, tÞ ¼ yjXjðxlim, tÞ ×
12 exp

�
2

ffiffiffiffiffiffiffiffiffi
p=2

p
× qXðtÞ × xlim

sXðtÞ
�

12 exp

�
2
1
2
×
�
xlim
sXðtÞ

�2�
(36)

hmVM,jXjðxlim, tÞ

¼ yjXjðxlim, tÞ ×
12 exp

�
2

ffiffiffiffiffiffiffiffiffi
p=2

p
× ½qXðtÞ�1:2 × xlim

sXðtÞ
�

12 exp 2
1
2
×
�
xlim
sXðtÞ

�2( ) (37)

in which yjXj 5mean out-crossing rate of process XðtÞ; sXðtÞ5 SD
function of process XðtÞ; and qXðtÞ5 bandwidth parameter function
of process XðtÞ.

Application Example

This paper presents as an application example a linear shear-type
MDOF model of a 3-story building subjected to a nonstationary
base excitation defined by a fully nonstationary stochastic earth-
quake groundmotionmodel (Conte and Peng 1997). This stochastic
base excitation model was calibrated to reproduce the statistical
characteristics of the N90W (W-E) component of the Loma Prieta
earthquake of October 17, 1989, recorded at the Capitola site (re-
ferred to as the Capitola earthquake record in the remainder of the
paper).

Stochastic Base Excitation Model

The Conte and Peng (1997) stochastic earthquake ground motion
model, €UgðtÞ, is defined as the sum of a finite number of pairwise
statistically independent, uniformly modulated Gaussian processes

€UgðtÞ ¼ PNf

f51

�
Af ðtÞ ×Qf ðtÞ

�
(38)

where Qf ðtÞ5 f th Gaussian stationary subcomponent process with
PSD function defined as

FQfQf ðvÞ ¼
vf × S0f
2 ×p

×

2
4 1

v2f þ
�
vþ hf

�2 þ 1

v2f þ
�
v2 hf

�2
3
5

¼ j × S0f
4 ×p

×
P4
k51

"
ð21Þk�
v2 ~vfk

�
#

(39)

inwhichhf , vf 5 PSD shape parameters; ~vf 1 52~vf 4 52hf 1 j × vf
and ~vf 2 52~vf 3 52hf 2 j × vf ; and Af ðtÞ5 time-modulating func-
tion defined as
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Af ðtÞ ¼ af ×
�
t2 uf

�bf × e2gf × ðt2uf Þ ×H�
t2 uf

�
(40)

where af , bf , gf , uf 5 parameters obtained by fitting the stochastic
ground motion model to a given historical earthquake record.

The parameters of the earthquake ground motion model fitted to
the Capitola earthquake record are given in Table 1. Fig. 1 shows the
evolutionary PSD function of the Capitola earthquake ground
motion model.

Linear MDOF Structural Model

The 3-story, 1-bay, steel, shear-type frame considered in this ap-
plication example is shown in Fig. 2. This building structure has
a uniform story heightH5 3:20 m and a baywidthL5 6:00 m. The
steel columns, made of European HE340A wide-flange beams with
moment of inertia along the strong axis I5 27,690:0 cm4, were
assumed inextensible. The steel material was modeled as linear
elastic with Young’s modulus E5 200 GPa. The beams were
considered to be rigid to enforce a typical shear building behavior.
Under these assumptions, the shear frame was modeled as a three-
DOF linear system.

The frame thus described was assumed to be part of a building
structure with a distance between frames L95 6:00 m. The tributary
mass per story,M, was obtained assuming a distributed gravity load
of w5 8 kN=m2, accounting for the structure’s self-weight, as well
as for permanent and live loads, and is equal toM5 28,800 kg. The
modal periods of the linear elastic undamped shear frame are

T1 5 0:38, T2 5 0:13, and T3 5 0:09 s, with corresponding effective
modal mass ratios of 91.4, 7.5, and 1.1%, respectively. Viscous
damping in the form of Rayleigh damping was assumed, with
a damping ratio j5 0:02 for the first and third modes of vibration.
The second mode had a damping ratio of 0.017. The same shear
frame was also considered with the addition of a viscous damper
with coefficient c5 200 kN × s=m across the first story, as shown in
Fig. 2. The structure with a viscous damper is a nonclassically
damped system with first-, second-, and third-mode damping ratios
of 0.037, 0.048, and 0.034, respectively.

Spectral Characteristics of the Displacement and
Velocity Responses Relative to the Ground

Figs. 3 and 4 show the time histories of the SDs of the floor dis-
placements relative to the ground (in short, relative displacements)
for the classically damped (i.e., without viscous damper) and the
nonclassically damped (i.e., with viscous damper) structure, re-
spectively. Figs. 5 and 6 show the time histories of the SDs of the
floor velocities relative to the ground (in short, relative velocities) for
the classically damped and the nonclassically damped structure,
respectively. In the nonclassically damped case, as compared with

Table 1. Parameters of Ground Acceleration Model for Capitola
Earthquake

f af (cm=s21b) bf gf (1=s) uf (s) nf (rad=s) hf (rad=s)

1 53 1024 20 3.4695 2.71 0.243 9.342
2 44.47 6 1.4969 10.68 0.807 7.728
3 3.43 6 1.2859 18.13 1.331 5.675
4 33 1024 16 2.2607 20.21 2.559 15.461
5 0.11 8 1.2017 6.02 2.079 18.367
6 3.09 6 1.0599 0.26 2.105 29.731
7 21.75 6 2.1355 11.67 0.229 21.770
8 4.86 6 1.0942 20.47 2.272 39.640
9 4.67 8 1.6931 20.11 1.560 46.113
10 15.49 8 2.0498 0.80 1.960 51.334
11 0.46 8 1.3538 20.40 8.208 59.656

Fig. 1. Evolutionary PSD function of ground acceleration model for
Capitola earthquake

Fig. 2. Geometric configuration of benchmark 3-story, 1-bay, shear-
type steel frame

Fig. 3. SDs of floor relative displacements for classically damped
structure
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the classically damped case, it is observed that (1) the peak values of
both the relative displacement and the velocity SDs reduce sig-
nificantly, (2) the peak values of these SDs are reached slightly
earlier, and (3) all SD time histories have a very similar shape.

Figs. 7 and 8 show the time histories of the bandwidth parameters
of the floor relative displacement responses (in short, bandwidth
parameters) for the classically damped and the nonclassically
damped structure, respectively. The following observations are
made. (1) The values of the bandwidth parameters change signifi-
cantly over the earthquake duration and are lowest in the time period
between 5 and 20 s from the start of the seismic excitation. This time
period corresponds to the period in which the seismic excitation is
the most intense and the displacement responses are largest. During
this strong ground motion phase, the response is controlled mainly
by the first mode of vibration of the structure. (2) The values of the
bandwidth parameters for the nonclassically damped structure be-
come increasingly larger than their counterparts for the classically
damped structure, particularly for t. 10 s. (3) The bandwidth pa-
rameter of the first floor relative displacement is always larger than
the bandwidth parameters of the second and third floors, for both the
classically and nonclassically damped structure. (4) The time his-
tories of the bandwidth parameters of the second and third floor
relative displacements almost coincide, for both the classically and
nonclassically damped structure.

Fig. 4. SDs of floor relative displacements for nonclassically damped
structure

Fig. 5. SDs of floor relative velocities for classically damped structure

Fig. 6. SDs of floor relative velocities for nonclassically damped
structure

Fig. 7. Bandwidth parameters of floor relative displacements for
classically damped structure

Fig. 8. Bandwidth parameters of floor relative displacements for
nonclassically damped structure
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Figs. 9 and 10 show the time histories of the central frequencies
normalized by the first-mode natural frequency (in short, normalized
central frequencies) of the floor relative displacement responses for
the classically and the nonclassically damped structure, respectively.
It is observed that (1) the values of the normalized central fre-
quencies are slightly lower for the nonclassically damped structure
than for the classically damped structure; and (2) the normalized
central frequencies are very close to unity in the time interval of
5–20 s, which corresponds to the strong-motion phase of the seismic
excitation. This latter observation confirms that the structural re-
sponse is dominated by the structure’s first mode of vibration, par-
ticularly during the strong ground motion phase.

The results presented in Figs. 7–10 (i.e., time histories of the
bandwidth parameters and normalized central frequencies of the
floor relative displacements) do not include the first 2 s of the time
histories. In fact, during the first 2 s of seismic excitation, the values
of the spectral characteristics [i.e., s2

Ui
ðtÞ, s2

_Ui
ðtÞ, sUi _Ui

ðtÞ, and
sUi _Vi

ðtÞ] are very small (of the order of the machine precision when
using double-precision numbers). Thus, the values of the central
frequencies and bandwidth parameters computed using Eqs. (8) and
(9), respectively, are inaccurate during the first 2 s of the time
histories because of round-off errors deriving from the use of finite-
precision arithmetic. All closed-form solutions presented in this

paper were verified through comparison with Monte Carlo simu-
lation results.

First-Passage Failure Probability Estimates

The analytical approximations of the hazard function given in
Eqs. (35)–(37) (i.e., P, cVM, and mVM approximations) were used
to estimate the time-variant failure probability Pf ,jUroofj corresponding
to the relative displacement of the roof with respect to the ground,
Uroof , out-crossing a specified deterministic threshold, Ulim. In
this example, both the classically and the nonclassically damped
structural models were considered in combination with two values
of Ulim (i.e., Ulim 5 0:003 ×Htot 5 0:0288 m and Ulim 5 0:004 ×Htot

5 0:0384 m,whereHtot 5 9:2 m5 total height of the building). The
analytical estimates ofPf ,jUroofjwere comparedwith the corresponding
numerical estimates obtained using Monte Carlo simulation. The
earthquake ground motion realizations for the Monte Carlo simu-
lation analysis were simulated using the method described in
Barbato and Conte (2009), and the time histories of the structural
responses of interest were obtained using the exact integration
method for piecewise linear excitations (Chopra 2001). In addition,
the SD of the Monte Carlo estimate of the failure probability was
estimated and is shown as an error band (i.e., mean6 SD) in
Figs. 11–14. For the sake of clarity, the first-passage failure prob-
ability results presented in Figs. 11–14 are shown for the time in-
terval of 5–15 s, which corresponds to the strong-motion phase of

Fig. 9. Normalized central frequencies of floor relative displacements
for classically damped structure

Fig. 10.Normalized central frequencies of floor relative displacements
for nonclassically damped structure

Fig. 11. Failure probability for classically damped structure (Ulim

5 0:003 ×Htot)

Fig. 12. Failure probability for classically damped structure (Ulim

5 0:004 ×Htot)
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the earthquake ground motion. In fact, the estimated changes in
failure probabilities are negligible outside this time interval.

Figs. 11–14 compare the P, cVM, and mVM approximations of
the time-variant failure probability with the corresponding Monte
Carlo simulation estimates (denoted as Sim in the figures) for the
classically (Figs. 11 and 12) and the nonclassically (Figs. 13 and 14)
damped structural models, and for roof displacement thresholds
Ulim 5 0:003 ×Htot (Figs. 11 and 13) andUlim 5 0:004 ×Htot (Figs. 12
and 14). The Monte Carlo simulation results are based on 10,000
time history realizations for the classically damped structure with
Ulim 5 0:003 ×Htot (Fig. 11), 50,000 time history realizations for the
classically damped structure with Ulim 5 0:004 ×Htot (Fig. 12) and
for the nonclassically damped structure with Ulim 5 0:003 ×Htot

(Fig. 13), and 1,000,000 time history realizations for the non-
classically damped structure with Ulim 5 0:004 ×Htot (Fig. 14).

Based on the results presented in Figs. 11–14, the following
observations are made: (1) the P approximation always overestimates
(often significantly) the Monte Carlo simulation results, with the
relative error decreasing as the probability of failure decreases;
(2) among the three analytical approximations, the cVM approxi-
mation is the closest to theMonte Carlo simulation results in the time
window of 6.5–8.5 s in which the largest rate of change of Pf ,jUroofj
is observed, whereas it generally overestimates the final value of
the failure probability; and (3) the mVM analytical approximation
provides results that are generally close to the Monte Carlo

simulation results, especially for the final value of the failure prob-
ability. The Monte Carlo simulation results are very accurate for the
classically damped structure withUlim 5 0:003 ×Htot, as shown by the
narrow width of the mean6 1 SD error band relative to the failure
probability values (Fig. 11). The final value of the failure prob-
ability estimate obtained using Monte Carlo simulation for the
classically damped structure is more than 10 times smaller when
Ulim 5 0:004 ×Htot than when Ulim 5 0:003 ×Htot. The final value of
theMonte Carlo simulation estimate of the failure probability for the
nonclassically damped structure is more than 100 times smaller
when Ulim 5 0:004 ×Htot than when Ulim 5 0:003 ×Htot. In addition,
the Monte Carlo estimate of the final value of the failure probability
is about 10 times smaller for the nonclassically damped structure
than the corresponding estimate for the classically damped struc-
ture for Ulim 5 0:003 ×Htot, and about 100 times smaller for Ulim

5 0:004 ×Htot, which shows that the use of viscous dampers is an
effective retrofit method to reduce the roof drift of the considered
structure. Finally, by comparing the results presented inFigs. 11–14, it
is observed that the differences in the failure probability estimates
obtained using the three analytical approximations considered in this
study become smaller for decreasing values of the failure probability.

Conclusions

In this paper, complex modal analysis and complex plane integration
were used to derive new closed-form analytical solutions for the
NGSCs of nonstationary stochastic processes representing the re-
sponse of linear elastic structural models subjected to fully non-
stationary earthquake ground motion processes. These newly derived
closed-form solutions were used to derive closed-form solutions for
the time-variant bandwidth parameter and central frequency, and
analytical approximations of the failure probability (based on the
maximum roof displacement response) for linear elastic MDOF
structural models subjected to seismic base excitation represented by
a well-known fully nonstationary earthquake ground motion model.
The new analytical results presented in this paper can be used (1) as
benchmark solutions for the validation of numerical methods of sto-
chastic dynamics in the linear elastic range of structural behavior,
(2) in probabilistic seismic loss analysis of nonstructural components
and systems in building structures subjected tomoderate earthquakes,
and (3) in structural engineering applications requiring a fast estimate
of the failure probability for linear elastic systems.

Appendix I. Computation of Integrals in Eq. (31)

ðþ‘

2‘

eg×j×v×t × dv
ðv2 ~vÞs ¼ 2 × g × j ×p

ðs2 1Þ! × eg×j×v×t × ðg × j × tÞðs21Þ ×

g × Imð~vÞ
jImð~vÞj

�
,

ðg ¼ 21, þ1Þ
(41)

ðþ‘

2‘

dv
ðv2 ~vÞs ¼

8><
>:

2 ×p × j ×


Imð~vÞ
jImð~vÞj

�
ðg ¼ 0, s ¼ 1Þ

0 ðg ¼ 0, s. 1Þ
(42)

inwhich ~v5 complex-valued constant; Imð. . .Þ5 imaginary part of
the quantity in parentheses; and h. . .i5Macaulay brackets (defined
so that hxi5 0 if x, 0 and hxi5 x if x$ 0).

Fig. 13. Failure probability for nonclassically damped structure
(Ulim 5 0:003 ×Htot)

Fig. 14. Failure probability for nonclassically damped structure
(Ulim 5 0:004 ×Htot)
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Appendix II. Computation of Integrals in Eq. (33)

ðþ‘

2‘

sgnðvÞ × eg×j×v×t × dv
ðv2 ~vÞs ¼ 2 × eg×j×v×t × ðg × j × tÞðs21Þ ×

8><
>:

g × j ×p
ðs2 1Þ! × sgn½Reð~vÞ� ×


g × Imð~vÞ
jImð~vÞj

�

þð21Þðs21Þ ×Gð12 s, g × j × ~v × tÞ

9>=
>;, ðg ¼ 21, þ1Þ (43)

ðþ‘

2‘

sgnðvÞ × dv
ðv2 ~vÞs ¼ 2 ×

ð21Þðs21Þ

s2 1
× ~vð12sÞ, ðg ¼ 0, s. 1Þ (44)

AðgÞ
1 ×

ðþ‘

2‘

sgnðvÞ × dv
v2vp

qi
þ BðgÞ

1 ×
ðþ‘

2‘

sgnðvÞ × dv
v2vrm

þ CðgÞ
1 ×

ðþ‘

2‘

sgnðvÞ × dv
v2vk

¼ 22 ×
h
AðgÞ
1 × log

	
2vp

qi




þ BðgÞ
1 × logð2vrmÞ þ CðgÞ

1 × logð2vkÞ
i
, ðg ¼ 0, s ¼ 1Þ

(45)

in which Reð. . .Þ 5 real part of the quantity in parentheses;
Gð. . . , . . .Þ5 incomplete Gamma function (Abramowitz and Stegun
1972a, b); and logð. . .Þ5 principal value of the complex logarithm
(with branch cut along the negative real axis).
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