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SUMMARY

Earthquake ground motion records are nonstationary in both amplitude and frequency content. However, the
latter nonstationarity is typically neglected mainly for the sake of mathematical simplicity. To study the sto-
chastic effects of the time-varying frequency content of earthquake ground motions on the seismic response
of structural systems, a pair of closely related stochastic ground motion models is adopted here. The first
model (referred to as ground motion model I) corresponds to a fully nonstationary stochastic earthquake
ground motion model previously developed by the authors. The second model (referred to as ground motion
model II) is nonstationary in amplitude only and is derived from the first model. Ground motion models I
and II have the same mean-square function and global frequency content but different features of time var-
iation in the frequency content, in that no time variation of the frequency content exists in ground motion
model II. New explicit closed-form solutions are derived for the response of linear elastic SDOF and MDOF
systems subjected to stochastic ground motion model II. New analytical solutions for the evolutionary cross-
correlation and cross-PSD functions between the ground motion input and the structural response are also
derived for linear systems subjected to ground motion model I. Comparative analytical results are presented
to quantify the effects of the time-varying frequency content of earthquake ground motions on the structural
response of linear elastic systems. It is found that the time-varying frequency content in the seismic input can
have significant effects on the stochastic properties of system response. Copyright © 2016 John Wiley &
Sons, Ltd.
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1. INTRODUCTION

Data-driven analysis of recorded historical earthquake ground motions [1–6] and complex physics-
based wave propagation theories [7] show that earthquake ground motion time histories are
nonstationary in both amplitude and frequency content [8]. The time-varying intensity or
nonstationarity in amplitude is typically characterized by the initial built-up phase, the high-intensity
phase, and the gradually decaying tail. The time-varying frequency content or nonstationarity in
frequency content can be attributed to the different arrival times at a given site of the P (primary or
push), S (secondary or shear), and surface (Rayleigh and Love) waves, which propagate at different
velocities through the earth crust and vary significantly in frequency content. Recorded earthquake
accelerograms typically exhibit a temporal shift in frequency content toward lower frequencies [9].
Therefore, capturing the natural nonstationary characteristics of earthquake ground motions requires
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a fully nonstationary stochastic ground motion model, which can be used to investigate the effects of
the spectral nonstationarity of earthquake ground motions on structural response.

Stochastic ground motion models, which consider an actual ground motion record as a realization of an
underlying random process, can be used to generate an arbitrary number of ground motion realizations
(i.e., artificial ground motions). A number of stochastic earthquake ground motion models have been
developed by ignoring the nonstationarity in frequency content, assuming that it has little effect on
structural response [10]. In contrast, several fully nonstationary stochastic ground motion models were
proposed accounting for the nonstationarity in both the amplitude and the frequency content. Their
authors used them to show the influence of the frequency nonstationarity on linear elastic and nonlinear
inelastic structural response, mainly of SDOF systems [11]. A nonstationary ground acceleration model
with sectionally stationary frequency content (i.e., piecewise stationary in frequency content) was
presented by Saragoni and Hart [11] and used to determine the significant effect of the time variation of
the ground motion frequency content on the maximum relative displacement response of a stiffness
degrading SDOF system. Using a modified version of the ground motion model proposed by Grigoriu
et al. [12] with both amplitude and frequency modulation, Yeh and Wen [13] showed that the time-
varying frequency content of ground excitation has significant effects on the response of inelastic
deteriorating systems, especially when the dominant frequencies of ground excitation are close to the
structural natural frequency. Beck and Papadimitriou [9] defined a new fully nonstationary stochastic
ground motion model defined as the output of two cascaded SDOF linear elastic oscillators. The first
oscillator has time-varying coefficients and is subjected to modulated white noise, while the second
oscillator mimics Brune’s source model [14] and provides the correct behavior of the spectral
amplitudes at very low frequencies. The phenomenon referred to as moving resonance was
demonstrated for the response of nonlinear elastic (softening) SDOF systems as well as the importance
of modeling the temporal nonstationarity in the frequency content of ground motions. Moving
resonance occurs when the lowering of the system frequencies, due to the decrease in stiffness with
increasing response amplitude, tracks the shift of the dominant frequencies of the ground motion. Using
a time-varying AutoregressiveMoving Average (ARMA) earthquake model [15], Conte [16] investigated
the effects of the frequency nonstationarity of earthquake ground motions on the response of nonlinear
elastic and inelastic SDOF systems, which were found to be significant. Naga and Eatherton [17] used
discrete wavelet transforms to analyze the spectral nonstationarity of earthquake ground acceleration
time histories and corresponding SDOF system displacement response histories in order to investigate
the moving resonance phenomenon for nonlinear elastic and inelastic SDOF systems. Wang et al. [18]
proposed an approach for modeling and simulating nonstationary earthquake ground motions based on
stationary wavelet and Hilbert transforms. The effects of the time-varying frequency content during the
earthquakes were also examined using a joint time-frequency analysis technique of time signals to
extract the nonstationary frequency information from the recorded data [19].

This paper employs a pair of closely related stochastic ground motion models ideally suited to
investigate the effects of the time-varying frequency content of earthquake ground motions on
structural response. A stochastic ground motion model previously developed [4], referred to as
ground motion model I (GMM I) hereafter, is a fully nonstationary model (i.e., with time-varying
amplitude and frequency content). A new ground motion model with nonstationarity in amplitude
only, referred to as ground motion model II (GMM II) hereafter, is derived from GMM I by
removing the nonstationarity in frequency content. These two ground motion models have the same
mean-square ground acceleration function and the same average frequency content (i.e., frequency
content averaged over the whole earthquake duration). GMM I can be calibrated (fitted) against any
target (historical) ground motion record considered, and GMM II can be simply derived from the
corresponding fitted GMM I.

This paper derives new closed-form random vibration solutions for the response of linear elastic
(structural) systems subject to GMM II. New analytical solutions for the evolutionary cross-
correlation and cross-power spectral density (PSD) functions between the seismic input and the
structural response are also derived for linear systems subject to GMM I. These new closed-form
solutions, together with existing closed-form solutions for GMM I [20], are used in this paper to
demonstrate and investigate the effects of the nonstationarity in frequency content of earthquake
ground motions on the response of linear elastic SDOF and MDOF systems.
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2. EARTHQUAKE GROUND MOTION MODELS

Two closely related stochastic ground motion models are used in this paper to study the influence of the
time-varying frequency content of earthquake ground motions on the response of structures. The first
model (GMM I) was developed by Conte and Peng [4] from the family of sigma-oscillatory processes
[21] and is fully nonstationary. To isolate the effect of the nonstationarity in frequency content in the
comparison between the responses of structures to the two earthquake ground motion models, a second
model (GMM II), which is nonstationary in amplitude only, is derived from GMM I such that the
mean-square function and average frequency content (over the entire earthquake duration) of the
ground acceleration process are the same for both ground motion models. The definition of GMM I
is briefly reviewed later in the text as a basis to derive GMM II and for comparison between GMM I
and GMM II.

2.1. Ground motion model I: nonstationary in both amplitude and frequency content

The stochastic GMM I is defined as the sum of a finite number of zero-mean, mutually independent,
uniformly modulated Gaussian processes [4]. According to this model, the ground acceleration
process, Üg(t), is defined as

U
::
g tð Þ ¼ ∑

p

k¼1
Ak tð ÞXk tð Þ (1)

where p is the number of process components or subprocesses, and Ak(t) denotes the time modulating
function of the k-th zero-mean stationary Gaussian component process Xk(t), such that Ak(t)Xk(t) is the
k-th subprocess. The modulating function Ak(t) is defined as

Ak tð Þ ¼ αk t � ζ kð Þβke�γk t�ζ kð Þ H t � ζ kð Þ (2)

where αk and γk are positive constants, βk is a positive integer, and ζ k denotes the ‘arrival time’ of the
k-th subprocess; H(t) is the unit step function. The k-th zero-mean Gaussian process, Xk(t), is
characterized by its autocorrelation function (ACF) and PSD function, which are given by Eqs. (3)
and (4), respectively, as

RXkXk τð Þ ¼ e�νk τj jcos ηkτð Þ (3)

ΦXkXk ωð Þ ¼ νk
2π

1

ðνkÞ2 þ ωð þ ηkÞ2
þ 1

νkð Þ2 þ ω� ηkð Þ2
" #

(4)

in which νk and ηk are two free parameters representing the frequency bandwidth and predominant (or
central) frequency of the process Xk(t), respectively. The mean-square function and evolutionary
(time dependent) PSD (EPSD) function of GMM I [4] are given by

E U
::
g tð Þ�� j2

h i
¼ ∫þ∞

�∞∑
p

k¼1
Ak tð Þj j2ΦXkXk ωð Þ dω ¼ ∑

p

k¼1
Ak tð Þj j2 (5)

ΦU
::
gUg
:: ω; tð Þ ¼ ∑

p

k¼1
Ak tð Þj j2ΦXkXk ωð Þ (6)

respectively, where the property ∫þ∞
�∞ΦXkXk ωð Þ dω ¼ RXkXk τ ¼ 0ð Þ ¼ 1:0 is used to derive Eq. (5). The

parameters of the stochastic GMM I in Eq. (1) are estimated such that the analytical EPSD function,
ΦU

::
gUg
:: ω; tð Þ in Eq. (6), best fits, in the least-square sense, the EPSD function of the target earthquake

accelerogram estimated using the short-time Thomson’s multiple-window method [4].
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2.2. Ground motion model II: nonstationary in amplitude only

The new stochastic GMM II is derived from GMM I as a special case of sigma-oscillatory process and
can be expressed in the same form as Eq. (1), that is,

U
::e
g tð Þ ¼ ∑

p

k¼1
Ak tð ÞeXk tð Þ (7)

where the superimposed ‘~’ denotes GMM II. All component processes eXk tð Þ have the same PSD
function defined as the globally time-averaged PSD function of GMM I, that is,

Φ∼
Xk
∼
Xk

ωð Þ ¼ Φavg ωð Þ ¼
∫td0 ΦÜ g Ü g

ω; tð Þdt
∫td0 ∫

þ∞
�∞Φ Ü g Ü g

ω; tð Þ dω dt
¼

∑
p

m¼1
ρmΦXmXm ωð Þ

∑
p

n¼1
ρn

(8)

where td denotes the duration of the earthquake ground motion record considered and ρk is the
participation coefficient of the k-th subprocess of GMM I and is explicitly computed as

ρk ¼ ∫td0 Ak tð Þj j2dt ¼ 2βkð Þ! α2k
2γkð Þ2βkþ1 þ α2ke

�2γk td� ζ kð Þ ∑
2βk

r¼0
�1ð Þr 2βkð Þ! td � ζ kð Þ2βk�r

2βk � rð Þ! �2γkð Þrþ1 (9)

The EPSD function of GMM II is given by

Φ∼
Ü g

∼
Ü g

ω; tð Þ ¼ ∑
p

k¼1
Ak tð Þj j2Φ∼

Xk
∼
Xk

ωð Þ
o
¼ ∑

p

k¼1
Ak tð Þj j2eΦavg ωð Þ

o
¼ eΦavg ωð Þ∑

p

k¼1
Ak tð Þj j2

on((
(10)

Equation (10) indicates that GMM II is a uniformly modulated process and therefore nonstationary
in amplitude only. It should be noted that the globally time-averaged PSD function of GMM II is
identical to that of GMM I, that is,

eΦavg ωð Þ ¼
∫td0 Φ∼

Ü g

∼
Ü g

ω; tð Þdt
∫td0 ∫

þ∞
�∞Φ∼

Ü g

∼
Ü g

ω; tð Þ dω dt
¼
∑
p

k¼1
ρkeΦavg ωð Þ

∑
p

n¼1
ρn

¼ Φavg ωð Þ (11)

The mean-square function of GMM II is identical to that of GMM I (Eq. (5)), that is,

E ë
Ug tð Þ
��� ���2# ¼ ∫þ∞

�∞∑
p

k¼1
Ak tð Þj j2eΦavg ωð Þdω ¼ ∑

p

k¼1
Ak tð Þj j2

"
(12)

The previous analytical formulation of GMM I and GMM II can be used for analytical random
vibration analysis of the effects of the nonstationarity in frequency content of earthquake ground
motions on the response of linear elastic structures, which is the subject of the remainder of this
paper. It can also be used to simulate ensembles of artificial earthquake ground acceleration records
and investigate the effects of the time-varying frequency content of earthquake ground motions on
the response of nonlinear elastic and inelastic structures. The parameters of GMM I (i.e., six
parameters for each subprocess) must be calibrated based on a target historical earthquake record [4]
or a target evolutionary PSD function. Because GMM II is derived directly from GMM I, only the
same parameters of GMM I are needed for its complete definition.
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3. CALIBRATION OF STOCHASTIC GROUND MOTION MODEL

The fully nonstationary earthquake GMM I is calibrated to the following two historical earthquake
records: (i) the S00E (N-S) component of the May 18, 1940 Imperial Valley earthquake recorded at
the El Centro Station, referred to as El Centro 1940; and (ii) the N90W (W-E) component of the
October 17, 1989 Loma Prieta earthquake recorded at the Capitola station, referred to as Capitola
1989. Additional results for the N00W (N-S) component of the February 9, 1971 San Fernando
earthquake recorded at the Orion Blvd. station can be found in the study of Li et al. [22] and are not
reported here because of space limitations.

Figures 1 and 2 plot the EPSD functions of GMM I and GMM II for the two earthquake records
defined previously. As expected, the ground motion frequency content (i.e., the shape of the
‘instantaneous’ PSD) varies with time for GMM I, while it remains time invariant for GMM II. In
fact, all component processes of GMM II introduced in Eq. (7) have the same PSD function, as
defined by Eq. (8), whereas the component processes of GMM I introduced in Eq. (1) have different
PSD functions, as defined by Eq. (4). As illustration, single realizations of ground acceleration time
histories generated from GMM I and GMM II are plotted in Figure 3(b) and 3(c), respectively, and
compared with the target earthquake record, namely Capitola 1989, shown in Figure 3(a). It can be
observed that both the target record and the realization from GMM I are nonstationary in frequency
content (i.e., have a time-varying frequency content), while the realization from GMM II has a time-
invariant frequency content. All three ground acceleration time histories are nonstationary in
amplitude.

Figure 1. EPSD of ground motion model for El Centro 1940: (a) GMM I and (b) GMM II.

Figure 2. EPSD of ground motion model for Capitola 1989: (a) GMM I and (b) GMM II.
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4. STOCHASTIC RESPONSE OF LINEAR MDOF SYSTEMS

Peng and Conte [20] derived closed-form solutions for the evolutionary correlation and PSD matrices
characterizing the nonstationary response of linear elastic classically and nonclassically damped
MDOF systems subject to the fully nonstationary stochastic GMM I. This section presents new
closed-form solutions for the response of linear elastic MDOF systems to stochastic GMM II as well
as for the evolutionary cross-correlation and cross-PSD functions between the ground motion input
and the system response to GMM I and GMM II.

4.1. Equations of motion and complex modal decomposition

The equations of motion of a linear elastic MDOF system with n degrees of freedom subjected to
uniform (i.e., rigid base) excitation can be expressed in matrix form [23] as

MU
::
tð Þ þ CU

:
tð Þ þKU tð Þ ¼ -MLF tð Þ (13)

whereM,C, andK are the mass, damping, and stiffness matrices, respectively, of dimension (n×n);U(t),
U
:
(t), and Ü(t) are the vectors of nodal displacements, velocities, and accelerations with respect to the

ground, respectively, of dimension (n×1); L is the influence coefficient matrix of dimension (n×p);
and F(t) is the vector of (1 to 6) ground motion components of dimension (p×1), which, in the
case of a single-component (horizontal) random seismic excitation, as assumed in this paper, is a
scalar loading function F(t) =Üg(t) modeled as a random process. Equation (13) can be recast in
state-space form as

Z tð Þ¼GZþP F tð Þ (14)

where Z tð Þ¼ U tð Þ
U tð Þ

 !
2n�1

is the state vector,G¼ 0n�n In�n

-M�1K -M�1C

� �
2n�2n

is the system matrix, and

P ¼ 0n�1

�L

� �
2n�1

is the input matrix; bold characters identify vector/matrix quantities, and the

subscripts indicate the dimensions of matrices and vectors. Using the complex modal matrix T
formed from the complex eigenmodes of matrix G, the first-order state-space equation of motion
(Eq. (14)) can be uncoupled into 2n first-order differential equations for the normalized complex
modal coordinates Si(t) (i=1, …, 2n):

S
:

i tð Þ ¼ λiSi tð Þ þ F tð Þ; i ¼ 1; …; 2n (15)

Figure 3. (a) Target earthquake record (Capitola 1989), (b) artificial realization from GMM I, and
(c) artificial realization from GMM II.
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in which λi (i=1, …, 2n) are the 2n complex eigenvalues (complex conjugate by pairs) of the
system matrix G. Assuming that the system is initially at rest, the solution of Eq. (15) for the
normalized complex modal response, Si(t), can be expressed as

Si tð Þ ¼ ∫t0e
λi t�τð ÞF τð Þdτ; i ¼ 1; …; 2n (16)

4.2. Stochastic ground motion model I

Using Priestley’s evolutionary spectral theory [21], the k-th component or subprocess of the stochastic
ground motion process F(t) =Üg(t) (Eq. (1)) can be expressed in Fourier–Stieltjes integral form as

Ü k½ �
g tð Þ ¼ ∫þ∞

�∞Ak tð Þe jωtdZk ωð Þ (17)

where j ¼ ffiffiffiffiffiffiffi�1
p

and dZk(ω) is the zero-mean orthogonal-increment process with the property

E dZk
� ω1ð ÞdZk ω2ð Þ½ � ¼ ΦXkXk ω1ð Þδ ω1 � ω2ð Þdω1 dω2 (18)

Substituting the k-th component process Ü k½ �
g tð Þof the ground motion input given by Eq. (17) into the

expression for the normalized complex modal response given by Eq. (16) yields

S k½ �
i tð Þ ¼ ∫t

0
eλi t�τð Þ∫þ∞

�∞Ak τð Þe jωτdZk ωð Þ dτ ¼ ∫þ∞
�∞mi

k½ �
ω; tð Þ e jωtdZk ωð Þ (19)

where m k½ �
i ω; tð Þ is the time-frequency modulating function of the i-th normalized complex modal

response to the k-th subprocess of the ground motion input. By substituting the expression for Ak(t)

given by Eq. (2) into Eq. (19), the following expression for m k½ �
i ω; tð Þ, which is the same for GMM I

and GMM II, is obtained [20] as

m k½ �
i ω; tð Þ ¼ αk βk!ð Þ e�γk t ∑

βk

n¼0

�1ð Þnt βk�nð Þ

βk � nð Þ! jω� λi � γkð Þnþ1

 !
� �1ð Þβk e λi�jωð Þt

α βkþ1ð Þ

" #
(20)

The auto/cross-correlation function of the normalized complex modal responses S k½ �
i tð Þ and S k½ �

j tð Þ to
the k-th subprocess of the ground motion input Üg(t) is obtained as

R
Si

k½ �
Sj
k½ � t; τð Þ ¼ E S k½ �*

i tð ÞSj
h

k½ �
t þ τð Þ

i
¼ ∫þ∞

�∞ mi½ k½ � ω; tð Þ�� ΦXkXk ωð Þ mj
k½ �
ω; t þ τð Þ e jωτdω (21)

where τ denotes the time lag. A closed-form solution for R
Si

k½ �
Sj
k½ � t; τð Þ is given by Peng and Conte [20].

The evolutionary auto/cross-PSD function of S k½ �
i tð Þ and S k½ �

j tð Þ is given by

ΦSi
k½ �
Sj
k½ � ω; tð Þ ¼ mi½ k½ � ω; tð Þ��ΦXkXk ωð Þ mj

� k½ � ω; tð Þ� (22)

In addition to the closed-form solutions for the evolutionary correlation and PSD matrices of
the nonstationary response of linear elastic MDOF systems to GMM I developed by Peng and
Conte [20] and recalled previously, newly derived closed-form solutions for the cross-
correlation and cross-PSD functions between the earthquake input and the structural response
are presented next.

The cross-correlation between the k-th subprocess of the ground motion input, Ü k½ �
g tð Þ, and the j-th

normalized complex modal response, S k½ �
j tð Þ, is given by
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R
Ü g

k½ �
Sj

k½ � t; τð Þ ¼ E Ü
k½ �*
g tð ÞSj

h
k½ �
t þ τð Þ

�
¼ ∫þ∞

�∞Ak tð ÞΦXkXk ωð Þ mj
k½ �
ω; t þ τð Þ e jωτ dω (23)

After extensive algebraic manipulations [22], the previous integral can be solved explicitly as

R
Ü g

k½ �
Sj

k½ � t; τð Þ ¼ Ak tð Þ ∫tþτ
0 eλj tþτ�sð ÞAk sð Þ ∫þ∞

�∞e
jω s�tð Þ ΦXkXk ωð Þ dω

h i
ds

¼ αkð Þ2 t′
� 	βk eλj t′þτð Þ�γk t

′
D1 e�υk t′ þ D3 eυk t

′

 �

cos bt′
� 	þ

D2 e�υk t′ þ D4 eυk t
′


 �
sin bt′
� 	

264
375; for t′≥ 0 (24)

in which t′= t� ζ k is the time elapsed from the start of the k-th subprocess of the ground motion input,

Ü
k½ �
g tð Þ, and the constants D1 to D4 are given by

D1 ¼ ea1 t
′

 
∑
βk

m¼ 0

�1ð Þm βk!ð Þ t′
� 	βk�m

βk � mð Þ!
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a21 þ b2

q� �mþ1 sin bt′
� 	

C1 mþ 1ð Þ � cos bt′
� 	

S1 mþ 1ð Þ� �!

þ �1ð Þβk βk!ð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a21 þ b2

q� �βkþ1 S1 βk þ 1ð Þ

D2 ¼ ea1 t
′

 
∑
βk

m¼ 0

�1ð Þm βk!ð Þ t′
� 	βk�m

βk � mð Þ!
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a21 þ b2

q� �mþ1 cos bt′
� 	

C1 mþ 1ð Þ þ sin bt′
� 	

S1 mþ 1ð Þ� �!

� �1ð Þβk βk!ð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a21 þ b2

q� �βkþ1 C1 βk þ 1ð Þ

D3 ¼ ea4 t′þτð Þ

 
∑
βk

m¼ 0

�1ð Þm βk!ð Þ t′ þ τ
� 	βk�m

βk � mð Þ!
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a24 þ b2

q� �mþ1 sin b t′ þ τ
� 	� 	

C4 mþ 1ð Þ � cos b t′ þ τ
� 	� 	

S4 mþ 1ð Þ� �!

� ea4 t
′

 
∑
βk

m¼ 0

�1ð Þm βk!ð Þ t′
� 	βk�m

βk � mð Þ!
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a24 þ b2

q� �mþ1 sin bt′
� 	

C4 mþ 1ð Þ � cos bt′
� 	

S4 mþ 1ð Þ� �!

D4 ¼ ea4 t′þτð Þ

 
∑
βk

m¼ 0

�1ð Þm βk!ð Þ t′ þ τ
� 	βk�m

βk � mð Þ!
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a24 þ b2

q� �mþ1 cos b t′ þ τ
� 	� 	

C4 mþ 1ð Þ þ sin b t′ þ τ
� 	� 	

S4 mþ 1ð Þ� �!

� ea4 t
′

 
∑
βk

m¼ 0

�1ð Þm βk!ð Þ t′
� 	βk�m

βk � mð Þ!
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a24 þ b2

q� �mþ1 cos bt′
� 	

C4 mþ 1ð Þ þ sin bt′
� 	

S4 mþ 1ð Þ� �!

where
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a1 ¼ � λj � νk þ γk
� 	

; a4 ¼ � λj þ νk þ γk
� 	

; b ¼ ηk

Si 1ð Þ ¼ b=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2i þ b2

q
; Ci 1ð Þ ¼ ai=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2i þ b2

q
; i ¼ 1; 4

Ci mþ 1ð Þ
Si mþ 1ð Þ

� 

¼ Ci 1ð Þ � Si 1ð Þ

Si 1ð Þ Ci 1ð Þ

� 

Ci mð Þ
Si mð Þ

� 

; m ¼ 1; …; βk and i ¼ 1; 4

The evolutionary cross-PSD function between the k-th subprocess of the ground motion input,
Ü

k½ �
g tð Þ, and the j-th normalized complex modal response, S k½ �

j tð Þ, is given by

ΦÜ g
k½ �
Sj
k½ � ω; tð Þ ¼ Ak tð ÞΦXkXk ωð Þ mj

� k½ � ω; tð Þ� (25)

The component processes of the stochastic ground motion model defined in Eq. (1) are
pairwise statistically independent. Therefore, the individual components of the evolutionary
correlation and PSD matrices of the response of a linear elastic MDOF system, as well as the
cross-correlation and cross-PSD functions between the ground motion input and the system
response, can be obtained by summing the individual contributions of the component processes,
that is,

RSiSj t; τð Þ ¼ ∑
p

k¼1
R
Si

k½ �
Sj
k½ � t; τð Þ (26)

ΦSiSj ω; tð Þ ¼ ∑
p

k¼1
Φ

Si
k½ �
Sj
k½ � ω; tð Þ (27)

RÜ gSj
t; τð Þ ¼ ∑

p

k¼1
RÜ g

k½ �
Sj
k½ � t; τð Þ (28)

ΦÜ gSj
ω; tð Þ ¼ ∑

p

k¼1
ΦÜ g

k½ �
Sj
k½ � ω; tð Þ (29)

After all entries of the evolutionary correlation and PSD matrices of the normalized complex modal
response vector S(t) = [S1(t) S2(t) � � � S2n(t)]

T, namely RSS(t, τ) and ΦSS(ω, t), are obtained using
Eqs. (26) and (27), the evolutionary correlation and PSD matrices, RZZ(t, τ) and ΦZZ(ω, t), of the
state vector Z(t) are obtained using modal superposition as

RZZ t; τð Þ ¼ T
�
RSS t; τð Þ T

T
(30)

ΦZZ ω; tð Þ ¼ T
�ΦSS ω; tð Þ T

T
(31)

where T denotes the effective modal participation matrix defined as

T ¼ T Γ (32)
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in which Γ is the diagonal modal participation factor matrix with diagonal terms defined as Γ i ¼
Γð Þii ¼ T�1P

� 	
i
; i ¼ 1; …; 2n.

Similarly, the evolutionary cross-correlation and cross-PSD matrices between the ground motion
input Üg(t) and the system state response Z(t) can be expressed as

RÜgZ
t; τð Þ ¼ RÜgS

t; τð Þ T
T

(33)

ΦÜgZ
ω; tð Þ ¼ ΦÜgS

ω; tð Þ T
T

(34)

4.3. Stochastic ground motion model II

This section focuses on the response of linear elastic MDOF systems subject to stochastic GMM II
with amplitude nonstationarity and time-invariant frequency content. Similar to Eq. (17) for GMM I,
the k-th component or subprocess of GMM II can be expressed in Fourier–Stieltjes integral form as

ëU k½ �
g tð Þ ¼ ∫þ∞

�∞Ak tð ÞejωtdeZk ωð Þ (35)

where deZk ωð Þ is the zero-mean orthogonal-increment process characterized by

E deZk
�
ω1ð ÞdeZk ω2ð Þ

h i
¼ Φ∼

Xk
∼
Xk

ω1ð Þδ ω1 � ω2ð Þdω1dω2 (36)

Substituting the k-th component process ëU k½ �
g tð Þ of the ground motion input in Eq. (35) into the

expression for the normalized complex modal response in Eq. (16) gives

eS k½ �
i tð Þ ¼ ∫t0e

λi t�τð Þ∫þ∞
�∞Ak τð Þ e jωτdeZk ωð Þdτ ¼ ∫þ∞

�∞mi
k½ �
ω; tð Þe jωtdeZk ωð Þ (37)

where m k½ �
i ω; tð Þ is defined in Eq. (20). Closed-form solutions for linear elastic MDOF systems

subjected to GMM II, including evolutionary auto/cross-correlation and auto/cross-PSD functions of
the system response as well as evolutionary cross-correlation and cross-PSD functions between
ground motion input and system response, are derived in the remainder of this section, similar to the
case of GMM I. The only difference with GMM I is that all p component processes of GMM II,ëU k½ �

g tð Þ k ¼ 1; …; pð Þ , have the same PSD function, Φ∼
Xk
∼
Xk

ωð Þ ¼ eΦavg ωð Þ k ¼ 1; …; pð Þ ,
defined as the globally time-averaged PSD function of GMM I. Thus, the evolutionary auto/cross-

PSD functions of the normalized complex modal responses eS k½ �
i tð Þ and eS k½ �

j tð Þ to the k-th subprocess
of GMM II are obtained as

Φ∼
Si
k½ �eSjk½ � ω; tð Þ ¼ mi½ k½ � ω; tð Þ��eΦavg ωð Þ mj

� k½ � ω; tð Þ� (38)

Correspondingly, the evolutionary auto/cross-correlation functions of the modal responses eS k½ �
i tð Þ

and eS k½ �
j tð Þ to the k-th subprocess of GMM II, Ak tð ÞeXk tð Þ, are derived as
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R∼
Si

k½ �eSjk½ � t; τð Þ ¼ E eS k½ �*
i tð ÞeSj�

k½ �
t þ τð Þ

i
¼ ∫þ∞

�∞ mi½ k½ � ω; tð Þ��Φ∼
Xk
∼
Xk

ωð Þ mj
k½ �
ω; t þ τð Þ e jωτdω

¼ ∑
p

m¼1
κm RSi

k;m½ �
Sj
k;m½ � t; τð Þ (39)

where

κm ¼ ρm

∑
p

n¼1
ρn

(40)

R
Si
k;m½ �

Sj
k;m½ � t; τð Þ ¼ ∫þ∞

�∞ mi½ k½ � ω; tð Þ��ΦXmXm ωð Þmj
k½ �
ω; t þ τð Þ e jωτdω (41)

In Eq. (41), R
Si
k;m½ �

Sj
k;m½ � t; τð Þ can be physically interpreted as the evolutionary cross-correlation

function of the normalized complex modal responses S k;m½ �
i tð Þ and S k;m½ �

j tð Þ to a new subprocess
defined by the m-th zero-mean stationary Gaussian process, Xm(t), with PSD ΦXmXm ωð Þ defined in

Eq. (4), modulated by the k-th time modulating function, Ak(t), defined in Eq. (2); that is, S k;m½ �
i tð Þ is

the solution of Eq. (15) in which F tð Þ ¼ Ü
k;m½ �
g ¼ Ak tð ÞXm tð Þ . The ‘crossing’ between the k-th

modulating function Ak(t) and the m-th zero-mean stationary Gaussian process Xm(t) is due to the

fact that, as expressed in Eq. (8), each stationary subprocess eXk tð Þ k ¼ 1; …; pð Þ of GMM II has
a PSD function defined as a weighted average of the PSD functions of the stationary subprocesses
Xm(t) (m=1, …, p) of GMM I. Comparison between Eqs. (41) and (21) indicates that
R
Si
k;m½ �

Sj
k;m½ � t; τð Þ can be computed in the same way as R

Si
m½ �

Sj
m½ � t; τð Þ in Eq. (21) by substituting the

parameters of the time modulating function Am(t) with those of Ak(t).
The evolutionary cross-correlation function between the k-th subprocess of the ground motion input,ëU k½ �
g tð Þ in GMM II, and the j-th normalized complex modal response, eS k½ �

j tð Þ, is given by Eq. (42).
Notice that the cross-correlation function R

Ü g
k;m½ �

Sj
k;m½ � t; τð Þ in Eq. (42) can be derived using the

solution for R
Ü g

k½ �
Sj
k½ � t; τð Þ given by Eq. (24) by substituting the parameters of the PSD function

ΦXkXk ωð Þ with those of the PSD function ΦXmXm ωð Þ. The evolutionary cross-PSD function between

the k-th subprocess of the ground motion input, ëU k½ �
g tð Þ , for GMM II, and the j-th normalized

complex modal response, eS k½ �
j tð Þ, is given by Eq. (43).

R∼
Ü g

k½ �eSjk½ � t; τð Þ ¼ E ëU k½ �*
g tð ÞeSj�

k½ �
t þ τð Þ

i
¼ Ak tð Þ∫tþτ

0 eλj tþτ�sð ÞAk sð Þ ∫þ∞
�∞e

jω s�tð ÞΦ∼
Xk
∼
Xk

ωð Þdω
h i

ds

¼ ∑
p

m¼1

ρm

∑
p

n¼1
ρn

Ak tð Þ∫tþτ
0 eλj tþτ�sð ÞAk sð Þ ∫þ∞

�∞e
jω s�tð ÞΦXmXm ωð Þdω

h i
ds

8>>><>>>:
9>>>=>>>;

¼ ∑
p

m¼1
κm R

Ü g
k;m½ �

Sj
k;m½ � t; τð Þ (42)

Φ∼
Ü g

k½ �eSjk½ � ω; tð Þ ¼ Ak tð Þ Φ∼
Xk
∼
Xk

ωð Þ mj

� k½ � ω; tð Þi (43)
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Taking advantage of the pairwise statistical independence of the component processes of stochastic
GMM II, the evolutionary correlation and PSD matrices of the normalized complex modal responses to
GMM II defined in Eq. (7) are obtained as

R∼
Si
∼
Sj

t; τð Þ ¼ ∑
p

k¼1
R∼

Si
k½ �eSjk½ � t; τð Þ (44)

Φ∼
Si
∼
Sj

ω; tð Þ ¼ ∑
p

k¼1
Φ∼

Si
k½ �eSjk½ � ω; tð Þ (45)

where R∼
Si

k½ �eSjk½ � t; τð Þ and Φ∼
Si

k½ �eSjk½ � ω; tð Þ are given in Eqs. (39) and (38), respectively. Similarly, the

evolutionary cross-correlation and cross-PSD functions between the ground motion input and the
system modal responses are given by

R∼
Ü g

∼
Sj

t; τð Þ ¼ ∑
p

k¼1
R∼
Ü g

k½ �eSjk½ � t; τð Þ (46)

Φ∼
Ü g

∼
Sj

ω; tð Þ ¼ ∑
p

k¼1
Φ∼

Ü g

k½ �eSjk½ � ω; tð Þ (47)

After the evolutionary correlation and PSD matrices of the normalized complex modal response

vector eS tð Þ ¼ eS1 tð Þ eS2 tð Þ ��� eS2n tð Þ
h iT

, R∼
S
∼
S t; τð Þ and Φ∼

S
∼
S ω; tð Þ, are obtained using Eqs. (44) and

(45), the evolutionary correlation and PSD matrices of the state vector eZ tð Þ , R∼
Z
∼
Z t; τð Þ and

Φ∼
Z
∼
Z ω; tð Þ; are obtained using modal superposition as

R∼
Z
∼
Z t; τð Þ ¼ T

�
R∼

S
∼
S t; τð ÞTT

(48)

Φ∼
Z
∼
Z ω; tð Þ ¼ T

�Φ∼
S
∼
S ω; tð ÞTT

(49)

Similarly, the evolutionary cross-correlation and cross-PSD matrices between the ground motion

input and the system state response eZ tð Þ are obtained using modal superposition as

R∼
Ü g

∼
Z
t; τð Þ ¼ R∼

Ü g
∼
S
t; τð Þ T

T
(50)

Φ∼
Ü g

∼
Z
ω; tð Þ ¼ Φ∼

Ü g
∼
S
ω; tð Þ T

T
(51)

5. APPLICATION EXAMPLES

The closed-form solutions presented in Eqs. (30) to (34) for GMM I and Eqs. (48) to (51) for GMM II
are applied in this section to SDOF and MDOF linear elastic systems. The visualization of the derived
solutions is aimed to investigate analytically and systematically the effects of the time variation in the
frequency content of earthquake ground motions on the response of linear elastic systems.
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5.1. SDOF systems

This section presents the results for linear elastic SDOF systems with a damping ratio of 2% and
natural periods of 0.5 and 1.5 s subjected to stochastic GMM I and GMM II. Similar results for
more cases (i.e., different natural periods and damping ratios) can be found in [22]. Figures 4–7
show the EPSD, ΦUU(ω, t), of the relative displacement response, U(t), of the linear elastic SDOF
systems considered to the El Centro 1940 and Capitola 1989 stochastic ground motion models with
(GMM I) and without (GMM II) time-varying frequency content. Additional results for the Orion
Blvd. 1971 stochastic ground motion model can be found in the study of Li et al. [22]. The energy
of the seismic response of these systems is narrowly concentrated at the natural frequency of the
system in spite of the broadband seismic input (Figures 1 and 2). Furthermore, this energy’s
distribution over time differs significantly between GMM I and GMM II, especially for the SDOF

Figure 4. EPSD of U for linear elastic SDOF system with T= 0.5 s under El Centro 1940: (a) GMM I and
(b) GMM II.

Figure 5. EPSD of U for linear elastic SDOF system with T= 1.5 s under El Centro 1940: (a) GMM I and
(b) GMM II.

Figure 6. EPSD of U for linear elastic SDOF system with T= 0.5 s under Capitola 1989: (a) GMM I and
(b) GMM II.
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with T=1.5 s. The same observation can also be made in Figures 8 and 9, which show the time

histories of the root mean square (RMS) of U(t), RMS U tð Þ½ � ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E U2 tð Þ� �q

. In Figure 9(b), it is

observed that the RMS relative displacement response of the linear elastic SDOF system with
T=1.5 s is significantly higher for GMM I than for GMM II during the second half of the
earthquake duration. This phenomenon is due to the fact that the frequency content of the ground
motion around the natural frequency of the system is relatively higher for GMM I than for GMM II
after t=16 s (see the low-frequency spectral peaks denoted as i, ii, and iii in Figure 10(a), which
move toward the natural frequency of the system). It also explains the persistent strong amplitude
vibration observed during the last 20 s of the earthquake duration for GMM I; see Figures 7(a) and
9(b). Relatively low amplitude components in the seismic input near the end of the earthquake (see

Figure 8. RMS of U for linear elastic SDOF system under El Centro 1940: (a) T= 0.5 s and (b) T=1.5 s.

Figure 7. EPSD of U for linear elastic SDOF system with T = 1.5 s under Capitola 1989: (a) GMM I and
(b) GMM II.

Figure 9. RMS of U for linear elastic SDOF system under Capitola 1989: (a) T= 0.5 s and (b) T= 1.5 s.
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spectral peak iii in Figure 10(a)) also produce a relatively large structural response, if the ground motion
excitation frequency is close to the system frequency. This type of response feature can play a significant
role, for example, for nonlinear systems with (effective) natural period(s) varying during the earthquake,
which can be affected by the moving resonance phenomenon (i.e., the evolving, typically elongating,
natural period(s) of the structure tune in with the varying frequency content of the earthquake ground
motion). As shown in Figures 8 and 9, neglecting the frequency nonstationarity in earthquake ground
motions may either increase or decrease significantly the peak RMS response and also may change
notably the pattern of the RMS response history, depending on the period of the system and the
spectrotemporal properties of the ground motion.

Figure 11 shows the evolutionary ACF, RUU(t, τ), of the relative displacement response, U(t), of the
linear elastic SDOF system (T=1.5 s) to the Capitola 1989, which corresponds to the case with the
largest difference between evolutionary ACFs for GMM I and GMM II. At τ =0, the evolutionary
ACF corresponds to the mean-squared response (i.e., the square of the RMS response plotted in
Figure 9(b)), which has a different pattern for GMM I and GMM II (i.e., three peaks for GMM I
versus a single peak for GMM II). This pattern is preserved along the time axis t of the 3D plot
representation of RUU(t, τ), which exhibits an oscillatory decay with a period of 1.5 s along the time
lag axis τ because of damping effect.

5.2. MDOF systems

The second application example presented in this paper consists of the idealized three-dimensional,
three-story, unsymmetrical building shown in Figure 12, which was taken from [12]. The three
floors are modeled as rigid (inplane) diaphragms. The motion of each floor (# i) is represented by
three DOFs defined at the center of mass (i.e., center of geometry) of the floor, namely the
displacements relative to the ground in the X-direction, UXi tð Þ , and in the Y-direction, UYi tð Þ , and
the rotation relative to the ground about the vertical Z-axis, θZi tð Þ. Table I reports the modal analysis

Figure 10. Close view of EPSD of ground motion model for Capitola 1989: (a) GMM I and (b) GMM II.

Figure 11. Evolutionary ACF of U(t) for linear elastic SDOF system (T = 1.5 s) under Capitola 1989:
(a) GMM I and (b) GMM II.
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results (natural frequencies and mode shape description) for the undamped condition. Both classical
damping with 2% damping ratio per mode and nonclassical damping (realized by the diagonal
viscous dampers shown in Figure 12 in addition to the classical damping case) are considered in this
application example. In the nonclassical damping case, the damping ratios obtained through
complex modal analysis are (for modes 1 to 9): 5.31%, 2.09%, 9.47%, 3.62%, 2.39%, 12.22%,
3.95%, 2.47%, and 8.34%. The horizontal earthquake ground motion is imposed at 45° with respect
to the X-axis.

Figures 13–15 show the EPSD functions of the displacement responsesUX3 (displacement relative to
the ground of the third floor in the X-direction), UY3 (displacement relative to the ground of the third
floor in the Y-direction), and θZ3 (rotation relative to the ground of the third floor about the vertical
Z-axis), respectively, of the classically damped system to GMM I and GMM II fitted to the 1940 El
Centro record. It is observed that the MDOF building system responses to GMM I and GMM II
have similar modal contributions, namely: (i) UX3 tð Þ is almost exclusively determined by the first
mode contribution (translation in the X-direction with ω1 = 16.0 rad/s); (ii) UY3 tð Þ is almost

Figure 12. Three-dimensional, three-story, unsymmetrical building structure with rigid (inplane) diaphragms
and three DOFs per floor.

Table I. Undamped natural frequencies and description of mode shapes of the 3D building.

Mode Frequency [rad/s] Mode shape description

1 16.0 Translation (X)
2 24.1 Lateral (Y)–torsional coupling
3 36.6 Translation (X)
4 41.2 Lateral (Y)–torsional coupling
5 56.7 Lateral (Y)–torsional coupling
6 57.0 Translation (X)
7 73.9 Lateral (Y)–torsional coupling
8 95.2 Lateral (Y)–torsional coupling
9 127.7 Lateral (Y)–torsional coupling

Figure 13. EPSD of UX3 (classically damped building, El Centro 1940): (a) GMM I and (b) GMM II.
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exclusively determined by the second mode contribution (lateral–torsional coupling in the Y-direction
with ω2 = 24.1 rad/s); and (iii) θZ3 tð Þ not only is dominated by the second mode but also presents
a significant contribution from the fourth mode (lateral–torsional coupling in the Y-direction with
ω4 = 41.2 rad/s) and a very small but non-negligible contribution from the fifth mode (lateral–
torsional coupling in the Y-direction with ω5 = 56.7 rad/s). However, significant differences are
observed between the EPSDs of the stochastic responses UY3 tð Þ and θZ3 tð Þ (ΦUY3UY3

ω; tð Þ and
ΦθZ3θZ3

ω; tð Þ , respectively) to GMM I and GMM II fitted to the El Centro 1940 record (Figures 14
and 15, respectively). On the other hand, the topology of the EPSD of UX3 tð Þ, ΦUX3UX3

ω; tð Þ, is not
significantly affected by the time-varying frequency content; that is, Figure 13(a) and 13(b) are not
very different. Thus, the time-varying frequency content affects significantly only some of the
stochastic response quantities for the building model considered here. Additional results for the
Capitola 1989 and Orion Blvd. 1971 can be found in the study of Li et al. [22].

To illustrate the use of the new analytical solutions presented in this paper for evolutionary cross-
PSD functions between ground motion input and structural response, given in Eqs. (34) and (51),
Figure 16 shows the evolutionary cross-PSD functions, ΦÜ gθZ3

ω; tð Þ , between the ground motion

input Üg(t) and the structural response Uθ3 tð Þ for GMM I and GMM II fitted to the El Centro 1940
record. Because the evolutionary cross-PSD function is complex valued, its real part (i.e.,
evolutionary cospectrum) and imaginary part (i.e., evolutionary quad-spectrum) are plotted
separately. Unlike the EPSD of θZ3 tð Þ , ΦθZ3θZ3

ω; tð Þ , the evolutionary cross-PSD function
ΦÜ gθZ3

ω; tð Þ, especially its real part, provides not only the temporal evolution of the energy of the

structural response at the system natural frequencies but also the time-frequency distribution of the
ground motion. Comparing Figure 16(a) and 16(b), it is observed that the evolutionary cospectrum
of Üg(t) and θZ3 tð Þ has a significant frequency content nonstationarity for GMM I, whereas the
frequency content nonstationarity is lost for GMM II.

Figure 14. EPSD of UY3 (classically damped building, El Centro 1940): (a) GMM I and (b) GMM II.

Figure 15. EPSD of θZ3 (classically damped building, El Centro 1940): (a) GMM I and (b) GMM II.
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Figures 17–19 show the time histories of the RMS of the floor responses UXi tð Þ; UYi tð Þ, and θZi tð Þ
(where i=1, 2, 3 denotes the i-th floor) of the classically and nonclassically damped building models
for GMM I and GMM II fitted to the El Centro 1940 record. The differences between GMM I and
GMM II affect the RMS floor displacement and rotation responses to various degrees depending on
the spectrotemporal properties of the target earthquake record. For example, in Figure 18(a), the
difference between the RMSs of displacements at the third floor, UY3 tð Þ , of the classical-damped
MDOF system subjected to GMM I and GMM II, respectively, is 13% at t=2.8 s and 54% at
t=22 s, which is significant. In particular, for a given target earthquake record, the amplitude of the
differences between the RMS responses to GMM I and GMM II depends on how significant the
time variation of the seismic input’s frequency content is in the neighborhood of the natural
frequencies associated with vibration modes contributing to the specific response quantity of
interest. These differences in the RMS floor displacement and rotation responses expose the effects
of time averaging the frequency content of GMM II compared with GMM I. Note that the dampers

Figure 16. Evolutionary cross-PSD of Üg and θZ3 under El Centro 1940: (a) real part for GMM I, (b) real part
for GMM II, (c) imaginary part for GMM I, and (d) imaginary part for GMM II.

Figure 17. RMS of displacement responses UXi tð Þ under El Centro 1940: (a) classically damped and
(b) nonclassically damped.
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are placed in vertical planes along the X-direction and thus play a significant role in the structural
response in the X-direction (Figure 17(a) and 17(b)), whereas they have little effects on the
structural response in the Y-direction, as it can be observed by comparing Figure 18(a) and 18(b).
Additional results for the Capitola 1989 and Orion Blvd. 1971 can be found in the study of Li et al.
[22] and are qualitatively very similar to those presented here.

6. CONCLUSIONS

Two comparative and closely related stochastic earthquake ground motion models are used to
investigate the effects of the temporal nonstationarity in the frequency content of earthquake ground
motions on the response of linear elastic models of structural systems. A new stochastic ground
motion model (GMM II), nonstationary in amplitude only, is derived from a previously developed
fully nonstationary (i.e., nonstationary in both amplitude and frequency content) stochastic
earthquake ground motion model (GMM I) fitted to a target earthquake ground acceleration record.
Both stochastic ground motion models have the same mean-square function and globally time-
averaged PSD function (frequency content). Explicit closed-form solutions for the stochastic
response of linear elastic SDOF and MDOF systems subjected to GMM II are derived, in addition
to new solutions for the evolutionary cross-correlation and cross-PSD functions between the seismic
input and the structural response for GMM I. The closed-form solutions are presented and applied to
linear elastic SDOF and MDOF systems subjected to the two ground motion models fitted to target
real earthquake records. This paper compares the spectrotemporal stochastic properties of system
response quantities, including the evolutionary auto/cross-correlation and auto/cross-power spectral

Figure 18. RMS of displacement responses UYi tð Þ under El Centro 1940: (a) classically damped and
(b) nonclassically damped.

Figure 19. RMS of rotation responses θZi tð Þ under El Centro 1940: (a) classically damped and (b) nonclassically
damped.
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densities of system responses, evolutionary cross-correlation and cross-power spectral densities
between earthquake input and system response, and RMS system response. Through this
comparison, more insight is gained into the effects of the spectral nonstationarity of the seismic
input on the system response. It is observed that the time-varying frequency content in the seismic
input may have a significant effect on the stochastic properties of the system response, depending on
the time-frequency distribution of the seismic record and the dynamic properties of the system.
Therefore, for rational and reliable earthquake-resistant design and analysis, it is necessary to use a
fully nonstationary earthquake ground motion model, which captures the temporal nonstationarity in
the frequency content. The analytical random vibration solutions presented in this paper can be used
to evaluate, using analytical approximations, the first-passage probability of the response of linear
dynamic systems [24] or, in other words, the statistics of the peak structural response, which are of
significant practical interest. These solutions can also be readily used in equivalent linearization
methods of nonlinear stochastic dynamics such as the tail-equivalent linearization method for
nonlinear random vibration [25]. Finally, they provide benchmark exact solutions to validate, in the
linear range of structural behavior, numerical methods of stochastic dynamics developed for linear
and nonlinear systems.

The pair of comparative and closely related stochastic earthquake ground motion models presented
herein can be further used to investigate the effect of the time-varying frequency content of actual
earthquake ground motions on the response of nonlinear elastic and inelastic structural systems, for
example, moving resonance effects. The extension of the study presented here for nonlinear systems
using the Monte Carlo simulation approach (i.e., performing statistical analysis of ensemble time
history analyses using artificial ground motions simulated from GMM I and GMM II) is the subject
of ongoing research.
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